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PREFACE. 



The importance of a knowledge of Determinants to all 
who extend their reading beyond the elements of mathematics, 
and the fact that most modern writers employ the determinant 
notation, have led to the belief that an American work on 
Determinants might satisfy a growing demand. 

This is a text-book, and not an exhaustive treatise. Enough 
is given, however, to enable the student to use the determinant 
notation with ease, and to enable him to pursue his further 
reading in the modern higher mathematics with pleasure and 
profit. 

The book is written with reference to the wants of the 
private student as well as to the needs of the class-room. The 
subject is at first presented with great simplicit}'. As the stu- 
dent advances, less attention is given to details. More than 
half the volume is devpted to applications and special forms, 
that the reader may get 8ome notion of the power and utility 
of determinants as instruments of research. 

Throughout the work care has been taken to show how each 
new concept has been evolved naturally ; anjd, whenever it is 
thought advisable, a special case precedes the general dis- 
cussion. 

The work has been written in the far West, where contact 
with others in the same field was practically impossible. I 
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iv PREFACE. 

shall therefore be grateful for any notification of errors that 
may have escaped detection. 

My thanks are due to Messrs. J. S. Cushing & Co., of 
Boston, for great care and patience manifested in the prepara- 
tion of the plates. 

Among the works consulted most assistance has been derived 
from the following. All the works named have been used 
freely. 

Matzka. — GrundzUge der systematischen EinfUhrung und Begriin- 
dung der Lehre der Determinanten. 

Baltzer. — Theorie und Anwendung der Determinanten (FUnfte 
Auflage). 

Glinther. — Lehrbuch der Determiuanten-Theorie (Zweite Auflage). 

Diekmann. — Einleitung in die Lehre von den Determinanten und 
ihrer Anwendung auf, etc. 

DoBtor. — Elements de la Theorie des Determinants avec Applica- 
tions, etc. (Deuxifeme edition). 

Hottel. — Cours de Calcul Infinitesimal. 

Scott. — A Treatise on the Theory of Determinants and their Appli- 
cations, etc. 

Bumside and Panton. — The Theory of Equations, with an Intro- 
duction, etc. 

Muir. — A Treatise on the Theory of Determinants. 

I am especially indebted to the last two works for many 
examples. 

PAUL H. HAN US. 

BoULDBR, Col., May, 188G. 
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THEORY OP DETERMINANTS. 

CHAPTER I. 

PRELIMINAKY NOTIONS AND DEFINITIONS. 

1. The first notion of Detemninants we owe to Leibnitz, who, 
in his attempts to simplify the expressions arising in the elimi- 
nation of the unknown quantities from a set of linear equations, 
employed symbols nearly identical with our present determinant 
notation. In a letter dated April 28, 1693, Leibnitz communi- 
cates his discovery to L' Hospital ; and later, in another letter, 
expresses the conviction that the functions will develop remark- 
able and 'very important properties, — a conviction which time 
has abundantly verified. Leibnitz, however, never pursued the 
subject himself, and his discovery lay dormant till the middle 
of the eighteenth century. 

In 1750 the celebrated geometer, Gabriel Cramer, rediscovered 
determinants while working upon the analysis of curves. Dur- 
ing the course of his investigations, Cramer had to solve sets 
of linear equations, and naturally encountered the same func- 
tions that had attracted the attention of Leibnitz.* To Cramer 
is due the general rule for the solution of n simultaneous linear 
equations (non-homogeneous), containing as many unknown 
quantities. 

This rule was inferred without proof from the form of the 
values of the unknown quantities obtained in solving sets of 
two and three equations. 

* The particular problem which led to Cramer's discovery of deter- 
minants appears to have been : To pass a curve of the rth order through 
any — | — given pomts. 
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2 THEORY OF DETERMINANTS. 

Since the time of Cramer important advances have been 
made. The names of many celebrated mathematicians appear 
in the list of those who aided the evolution of a theory of deter- 
minants. Prominent among these are Yandermonde and Gauss. 
From Gauss the name *' determinant'* instead of ''resultant" 
was adopted by Cauchy. Cauchy and Jacobi are perhaps to 
be considered as the greatest among those who first developed 
the subject. The monograph of Jacobi, published in 1841,* 
established the foundation of a treatise on the theory of 
determinants ; and his own writings, as well as the works of 
many eminent mathematicians during the past fifty years, attest 
the wonderful power of determinants as instruments of mathe- 
matical investigation, and the fruitfulness of the functions 
themselves. 

2. The most natural way of approaching the theory of deter- 
minants would be along the line of development. This is 
accordingly our purpose. Owing to peculiar difl3culties attend- 
ing this mode of procedure, we can however only employ this 
method at the outset, and must soon adopt a presentation 
better suited to the further unfolding of the subject, and free 
from the peculiar diflficulties alluded to. 

Determinants of the second^ third, and fourth order. 

3. Consider the set of four simultaneous linear equations : — 

(1) aiX-\-bi7j -{-CiZ-\-dit = mr 

(2 ) c/o X -\-boy -\- c.y z -\-d.it = m ., 

(3) aa a; -f- 632/ -h C;.2; -f- c?3^ = ?/i,5 

(4) a^x-\'h^y-\-e^z-\'d^t = m^] 

Here it will be convenient to eliminate the unknown quantities 
in a uniform manner, as follows : in each set of equations to be 
obtained, (2) will be multiplied by the coefficient of the un- 
known in (1) that is to be eliminated, and (1) by the corre- 
sponding coeflftcient in (2) ; (3) will be multiplied by the 

* De Formatio7i€ et Proprietatibus Deter minantium. 
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PRELIMINARY NOTIONS AND DEFINITIONS. 3 

coefficient of the unknown under consideration in (2), and (2) 
by the corresponding coefficient in (3) ; and so on through the 
set. Having thus made the coefficients of one of the unknowns, 
if, say, the same in all the equations, we will then eliminate a; 
by subti'acting (1) from (2), (2) from (3), etc. .AVe shall find 
in performing these operations that the coefficients of the un- 
known quantities and the absolute term after each elimination 
are functions of a particular form, and subject to the same law 
of formation, — that these functions are, in fact, Determinants. 
Eliminating x in set I. as directed, we have 

(1) (ci^b2—ctjbi)y-\- {aiC.2'-c{2C\)z-\- (aidi—aocZi)^ =«!?%— (/yWii ' 

(2) (a2&3---a352)2^+(<^^/'3--^V'2)2!+(M3--M2)^=«2m3--a8m2 11. 

(3) (0364— «A)2/+(a3<^4 — «4C3)2J+(M4 — M3)^ = «3^^4 — <*4Wl3. 

4. Examining these binomial coefficients, we see that each 
contains one positive and one negative term, and involves four 
quantities, viz., ai, a2, 61, 62? or a2, ag, C2, C3, etc. It will also 
be noticed that each term never contains more than one a 
(coefficient of x) , or h (coefficient of 2/) , or c (coefficient of z) , 
etc., but that each term does contain all the subscripts that 
occur in the binomial. Fiuall}', the terms in which the sub- 
scripts occur in their natural order are positive, while in the 
negative terms there is an inversion of the natural order in the 
subscripts, i.e., a^c^ is +? but a4C3 is — . Such binomials are 
determinants of the second order.* (The order of a determinant 
is determined by the number of factors in each term.) It has 
been agreed to denote them, following Laplace, by writing the 
letters involved in regular succession, affecting each with the 
subscripts in order, and enclosing the whole expression within 
parentheses, thus : (ai&2) = oti^a — <^2^i ; (^2^3) = CI2C3 — «3C2, etc. 

Introducing this notation, set II. becomes 

(1) (ai2>2) y + (aiC-2) ^ + («ify t = {(hm^>) ■ 

(2) (ag^g) y + {a2Cs) z + ((hd^) t = (a.m.,) , III. 

(3) (a364) y + (^3^4) z + (a3C?4) t = (a^m^) 

* Tlie general definition of a determinant is given in 17, Chap. II. 
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4' THEORY OF DETEKMINANTS. 

5. If we now eliminate y^ according to the directions givei> 
in 3, we have 

(1 ) [(ttife^) {(h^z) -\(hbs) (aiCjj)] z + C(ai^2) («2(^3) 

— (ctzh) (aif4)]^= (ai&2) (02^3) — («2^3) (ai^ig) 

(2) Kch^s) (03^4) - (0,3^4) {(hcs)]z 4- [(a^bs) (asd^) 

- {aM («2C?3)] ^ = («2^3) («3^4) - {ciM (ttamg) 
Examining the binomial coefficients of the unknowns, and 

the absohite terms in set IV, we see at once that they are of 
the same form ; and if we can simplify any oite of them and 
discover the law of foimation, we have them all. For this 
purpose let us expand the coefficient of 2, putting, for short- 
ness, this coefficient equal to C. Then, by the definition in 4, 
C = (ai^a) (a2C8) - (a^h) (a^c^) 

= (aibi) (agCg — ttgCa) — {chbs) (aiC^ — OoCi) 
=(h[((^ib2)(h+ («2^3)ci] -c'2[(ai62)a3 4- («2&3)ai]- 
The last binomial, 

(aib2) ttg -}- {(hbs) di = (ciibi — a2^i)ct3 + («2^3— ^sW «i 

= (h («i bs — tts^i) = (h («i ^3) • 
.-. = tta [(aM Cg — (ai 63) Cg + (^2^3) ^-'i] 

Here the quantity within brackets consists of 2-3 = 6 terms, 
I.e., of as many terms as there are permutations of the sub- 
scripts 1, 2, 3- Three of the terms are positive and as many 
are negative. The quantity involves the 3- = 9 quantities ai, 

^? ^39 ^1? ^29 ^3? ^H ^'29 ^*3' 

No term involves more than one a, or ft, or c, but does con- 
tain all of the subscripts 1, 2, 3? each term containing a different 
permutation of these numbers. Finally, as before, we notice 
that those terms in which the subscripts occur in their natural 
order, or in which there is an even number of inversions* of 

* In a series of integers which are all different, there is said to be an 
inversion of order when a greater number precedes a less. Thus in 1-3452 
there are three inversions, in 21354 there are two inversions, etc. 
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PRELIMINARY NOTIONS AND DEFINITIONS. 6 

order, are positive, while those terms are negative in which the 
number of inversions of order of the subscripts is odd. Such 
a function is a determinant of the third order, A determinant 
in which the quantities are those of C is denoted by (aib^c^). 
We therefore have C = a2{aib2C<i) . It must be carefully noticed 
that the equation 

(chh<'s) = (oi^a) ^3 — (ciibs) C2 4- (02^3) ^'i 

= Cllb'jCs — 0-2^1^3 — «1^3C2 4- (hbiC2 + «2^3^1 — %^2^1 

gives the expansion of a determinant of the third order. 

Employing the notation just explained, the coefficient of 
t in (1) is evidently ^^2(^1 ^2^3) ? ^^^ the absolute term is 
02(01 &2W3). The coefficients and the absolute term of (2) will 
obviously be a^^aob^c^)^ (h (cf"2^s^A) -> f^si^2^3'^4)^ i^ order. 

Introducing this notation into set IV, and dividing (1) and 
(2) by Og and Og respectively, we have 



(1) (0162^3) z + (ciib^ds) t = {aihim^) 

(2) (00^3^4) ^ + (02^3^4) ^= (Oa^gm. 



i\- 



6.* If we now eliminate z in the same manner as heretofore, 
we have 

[(ai^sCs) (a2bsd,) - {a.b-iC,) (ai^/a^W] ^ ) yj 

= («l&2'*3) («2^3^'^4) — («2^3<^4) («1^2^'i3) ) 

The preceding results naturally imply a simplification and law 
of formation to be discovered in the coefficient of t and the 
absolute term of VI. 

To simplify the coefficient of t, which for shortness we will 
call C, as before, we proceed as follows : 

O = (0162^3) (ct^bsd^) - (cioh^c,) (a,62^^) 

= (^ihC's) [(^2^3) ^4 - («2^) (h -f- («3^4) ^y 

- (a^b^c^) [(ai ^>2) ds - (uibs) d. 4- (a2b.;) di] 
= (<^^h) [(01^2^3) ^4 — ( 02^3^4) dj — Dds + A^2 ; 
* 6 may be omitted on first reading, if thought best. 
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G THEOKY OF DETEKMLNANTS. 

in which 

D = {aihjC^) (a^bi) + (d-j^d^i) i^^i^i)^ and 

Now, by 5, (aiftgCg) = {a^bz) Cg - (ajftg) C2+ (aob^) c\ ; 

and («2&3C4) = («2&3) <^4 - («2'^4) ^3 + (^^3^) ^2- 

Substituting, 

D = (^aobi) [(aybz) Cg - (ajftg) c^j + (a,6g) Ci] + ('^162) [(^'2^3) ^-4 

— (0264)03 + (a364)c2] 

= («2&3) [(02^4) Ci+ (ai&o) r^] - [(^^264) (ai/>,) 

-(Ol62)(a3M]C2- 

The second binomial, (0264) (ai^,) — (0162) («8&4) 
= (0264 ~ ^4^ («i W — («3^4 - ciM (aibs) 

= ^4 [(«! 2>3) «2 - («1 ^2) 03] - ^4 [(«! ^3) ^2 - («! ^2) ^s] 

= ?>4 [(ai&3 — ^3^1) «2 — («i62 — -cis^i) Og] 

— a^ [(oj 63 — a. bi) &2 — (^'1 60 — <^ ^1 ) ^3] 
= 0,64 (ag^a — 0362) — ^'4^1 ((hb:i — a^h) 

= (ai&4)(«2W (K) 

.-. D = (Ogftg) [(0162) ^4 — (%^4) ^- 4- (a2&4) Cl]- 

Substituting the expansions of (oi^oCg) and of (a2^3^4) in A 
we have 

A = (^:'.^4) [(«1^2) Cg - (aiftg) f\, + (r'2^3) Ci] + («l 63) [(«2'>3) ^4 

— («2^4)C3+(«3 2>4)<^2] 

= («A) [(«3^)^i 4- (^^1^3)^4] - \X(hhd (((A) - {CfM (a3^4)]C3. 

Here we notice that the binomial factor of the second term is 
the same as the binomial factor in the last term of D : hence 
equation (K) above, is (agftg) («i&4)' 

.-. A= ((hbs) [(ai2>3)c4- (ciib^)cs+ K^)^!]. 
Substituting the values of D and A just obtained, in C, 
we have 
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PKELIMINAUY NOTIOISS AND DEI^NITIONS. 7 

(7= (ag^a) [(ai&2^3)^4— ((hh<^Mi— K^i^O^*— («i^4)c2 

= («2&3) [(»1 ^2^3)^4— (^'1^2^4)^34- (^'l&3^4)^^2— (C(2hCi)d{], 

From this value of C the absolute term of VI is obviously 
(a^h) [(aib2C.;i)m^— {a^b2C^)ms-^ («i&3^4)^>?'2— («2^30»>ii]- 

Now the quantit}^ within brackets in C (and in the absolute 
term) of VI is here seen to be composed of four terms, each 
of which contains a factor which is a determinant of the third 
order. We shall presently show that this quantity is a deter- 
minant of the fourth order, and will therefore write, in accord- 
ance with the notation already exemplified, for determinants of 
lower orders : 

Now, 5, {aib^c^) = {Oib^Cs — {r(Mr2 -f- (a2b3)ci ; 

(ai&2C4) = («i^2)c4 - («i^4)'*2 + (agM^i ; 
(01^304) = (ai 63)04 - («! 64)0,-1- (a^ci ; 
(036304) = ((fo 63)04 - (a2^4)''3 -f- (^s^)<^^- 

Expanding the determinants of the second order in the 
second members of these equations according to 4, and sub- 
stituting in equation (E), there results : 

(016203^4) = afi^^d^ — a^bic^d^ — a^bi^c./l:^ -\- a^biC^^ -h ajy^fiid^ — ajb.^id^ 
— afi^^d^ -h ajbiC^d.> -h a^b^c/l^ — ap^c^^ — ajb^pid^ -h ajb^^d^ 
+ dfiz^^di — 036104^^2 — dpAf^A 4- cLjb]C^2 + cLsb^Cidi — aJb^Cid2 
— ajb^^di -f- a.]b^^di ■i'a2b4r./li — afioC^^di — ajb^c<fii -f- ajb.^2d\ • 

This expansion contains 4 • 3 • 2 = 24 terms, involving 4^ = 1(5 
quantities. Each term contains only one a (coefl3cient of x) , 
one 6 (coefficient of y) , one c (coefficient of z) , one d (coefficient 
of t) , and contains all the subscripts ; a different permutation 
of the subscripts belonging to each term. As before, we find 
that the number of inversions of order of the subscripts is an 
even number in the positive terms, and is an odd number in 
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8 THEORY OF DETERMINANTS. 

the negative terms. Moreover, the number of terms is exactly 
the number of permutations of the first four natural numbers. 
Such a function is a determinant of the fourth order, and is 
accordingly designated by («! 60^8^4)- Introducing this nota- 
tion, and dividing by (azb^), equation VI becomes 

(aib2C^d^)t= (oibsC^m^). VII. 

It is to be noticed that equation (E) of the present article 
gives the expansion of a determinant of the fourth order. 

7. We have now shown how determinants of the second, 
third, and fourth orders arise in the solution of simple simul- 
taneous equations. From the reductions of 6, it is obvious 
that to continue the present method would very soon imply 
difficulties in the simplifications practically insurmountable when 
we attempt to produce determinants of the higher orders. For 
determinants of the fifth order, the process of reduction would 
be found very tedious. Hence, to investigate the properties of 
determinants of the nth order, we are forced to take a new 
starting-point; and in Chapter II. we proceed upon a plan 
somewhat different from that hitherto adopted. 

Values of the Unknown Quantities. 

8. From equation VII, 6, t = j-^ — ry . Had the equations 

of set I been so arranged that z should be the last unknown 

(ai 62^3^4) 
in each equation, we would evidentlv have 2^ = 7 — j—^ — r* 

In the same way, y = J^;^^) ; «- = (rf,ft,,^«,)- 

9. Among the many properties of determinants to be estab- 
lished, we may here produce the following theorem, which is 
among the most important of the elementary theorems in the 
subject : 

The interchange of two letters, or of tivo s^ibscrfpts, the others 
remaining undisturbed, changes the sign but not the magnitude 
K)f a determinant. 
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VALUES OF THK UNKNOWN QUANTITIES. {) 

1st. For determinants of the second ord€»r. 

(a) The interchange of two letters. 

(aibi) = aib2 —' Uibi. In this, if we interchange a and &, the 
second member becomes 

(b) The interchange of two subscripts, 

(oiftg) =ai&2 — ^^1- If the subscripts are interchanged, the 
second member becomes 

tts^i — ai^a = — {ctib^ — a^b^) .*. (aob^) = — (aib.,) . 

2d. For determinants of the third order. 

(a) The interchange of two letters. 

(jhbiC^ = {aib2)c^-' (cii 63)02+ («a 63)^1. In this, if we inter- 
change a and 6, the proposition is obvions from the first part 
of the demonstration, 1st, (a). 

We have therefore to show that the proposition holds for b 
and c. We have, 5, 

(a.162) (^2^8) — {anb^) {(^\<\) = ^^iOhh^a)- 

In this expression, interchanging b and c, the first member 
becomes (aiCg) (0263) — {(hc^i) ((1162)- Since Oo remains un- 
changed, (diCob^) = — (aiftgCs). 

(b) The interchange of two subscripts. 

(«i 62 Cg) = (ai 62)03— (ai 63)02 -f (ag 63) <^i- (I*)- I^ the sub- 
scripts 2 and 3 are interchanged, the second member becomes 
(«i63)c2— (ai62)c3 4- (Cf362)ci. Since (^360) = — (a263), 1st, 
(b), the second number of (L) beconies 

- («! ^2)^*3+ («l63)0.~ (thh^Cy 

.'. (aib^c.;) = - ((/162C3). 

In the same manner it may be shown that the interchange of 
any other two subscripts in (L) changes the sign of the second 
member, .-. the proposition. 
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10 THEORY OF DETERMINANTS. 

3d. For determinants of the fourth order. 

(a) The interchange of two letters. 

{'hh^-fl^h) = («l^2C3)^4-- (^'1^20^34- {^hhC^d^— («2^3C4)rfl (I*) 

From 2d, (a) , the proposition is obvious for an interchange 
of the first three letters. To show that the proposition holds 
for c and d, we have, 6, 

(«1^2^3) («2&3^4) — («2^8C4) {^.l^d^ = (^2^0 (ai^2C3^4)- 

The interchange of c and d transforms the minuend into sub- 
trahend, and the subtrahend into minuend, in the first member. 
Hence, as {a^h^ remains unchanged, {aib^d^c^ = — (p,ih2C^d^ , 

(b) The interchange of tw^o subscnpts. 

In this, if we interchange the subscripts 2 and 3? the second 
member of (M) becomes 

{aib^C2)d^— (aib^c^)d2'{- {aib2C^)ds-^ (agftgcO^i. 

Now, by 2d, (b), (aib^Cz) = — (aibiCs) ; and (asbiCi) = — (a^bsC^. 
Hence the second member of (M) may be written 

— {aib2Cs)d4+ (ai 62^4)^3— (01^3^4)^44- (o^bsC^)di, 
and therefore (aj b^ C2 ^^4) = — («! h c^ di) . 

In a similar manner the proposition may be established for 
the interchange of any other two subscripts. 

It is obvious that two consecutive interchanges will leave the 
determinant unaltered either in sign or magnitude. Notice 
that an interchange of two letters corresponds to a unifoim 
change in the order of succession of the unknown quantities in 
the original set of equations. Also, that an interchange of two 
subscripts corresponds to changing the order of the equations. 

10. Applying the proposition of the preceding article to the 
values of a?, y^ 2;, and ^ obtained in 8, we have 

__ (mj 62^3(^4) __ (ainiiCsd^) _ (a, bom^id^) («! biC^m^) 

"" {aib2Csd^) ' ^"" (U^boC^dS ' "" {aibiCsd^) ' "" (a^bQC^dS 
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NOTATION. 11 

Notice that the common denominator in these values is the 
determinant of the fourth order, formed from the coefficients of 
the unknown quantities. Also, that the numerator of the value 
of X is obtained by changing the a of the denominator into m. 
The numerator of the value of y is likewise obtained by chang- 
ing the b of the denominator into ?/i, and that the numerators 
of the values of z and t are similarly obtained by changing the 
c and d into m respectively. 

Notation. 

11. We have seen that a determinant of the second order 
contains 2^=4 quantities, a determinant of the third order 
3^ = 9 quantities, and a determinant of the fourth order 4^ = !(> 
quantities. It is customary to employ the notation introduced 
by Cayley, and write these determinants so that the quantities 
(called elements) entering into the determinant appear arranged 
in the form of a square, with a vertical line on each side. 

Thus (« 1 Z>2) = I o 1 6j I ; («! ^2 C3) = I «] &i c, ' ; and ( a , hocj]^ ) = 






ctibiCidi 

(^2 O2 C2 Cto 

ajhc^di 

Other forms of notation are also | cii bo \ for (a, ^2) ; | ^'i ^>2 ^s | 
for (a I ^2 ^^3) j I ^1 ^2 ^3 <^4 1 for (oti &2 ^3 0^4) . 

There are still others to be described later. In Cayley's 
notation the elements are so arranged that, regarded as coeffi- 
cients of the unknowns in the original set of equations, they 
occur in rows and columns in the regular order in which they 
are found in these original equations. Further, comparing the 
expansions wijfch the square arrangement, we notice that each 
term contains owe, and only one, element from each row and 
column, and that there is no other element from the same row 
and column in the same term. Hence, as already exemplified, 
there can be only 2, 3, or 4 elements in each. term, according 
as the determinant is of the second, third, or fourth order. 
It will be noticed that the quantities occurring in the abbreviated 
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forms (tti 62 C3) , (»! hi) , j «i ^2 C3 ^4 , etc. . are those found in one 
of the diagonals in the square arrangement, viz., the diagonal 
extending from the upper left-hand comer to the lower right- 
hand comer. This diagonal is called the principal diagonal. 
Similarly, that diagonal extending from the lower left-hand 
comer to the upper right-hand corner is the secondary diagonal. 
Any line parallel to these (principal or secondary) is a minor 
diagonal. Any of the expansions heretofore given show that 
the product of the elements of the principal diagonal is a posi- 
tive term of the determinant. This term being composed of 
the elements of the principal diagonal, is called the principal 
term. The other terms can be formed from the principal term 
by making all the possible permutations of the subscripts and 
prefixing the proper sign to each permutation (5 and footnote ; 
also 6). 

Observe that the order of the letters in the abbreviated forms 
of notation is the order of the columns in the square arrange- 
ment, and that the order of the subscripts gives the order of 
the rows. Thus, |ai62C3| means the determinant whose first 
column consists of a's, second column of 6*s, and third column 
of c's, and that the subscript of each letter in the first row is 1, 
and in the second each letter has the subscript 2? and in the 
third each letter has the subscript 3. 



:ions are : 








iagfeac^' 


= \chbsCs 
02 62 ^2 
a^b^c^ 


' 


10364^5^1 


= 


asbsCsd^ 
a^ &4 C4 d4 
aabsCsds 
«i ^1 ^1 ^1 


|a,6.c„d. 


— 


«r K Cr 

a, b. c. 
a^Kc, 


dr 

d. 
du 
d. 



; («! C2 hs) = 



ai Ci hi 


a^ c'2 62 


agCa^a 
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The expansion of determinants of the second and third orders, 

12. Though we have abeady given the expansion of deter- 
minants of the second and third order several times, it will be 
useful here to compare these expansions with the square 
arrangement once more. Also,* we are now prepared for a 
convenient mnemonic rule for the expansion of a determinant 
of the third order, to be given in 16. 



13. Since I 



02^2 



= ai ^2 — Og ^15 it is obvious that the expan- 



sion of a determinant of the second order is obtained by taking 
the product of the elements of the principal diagonal and the 
product of the elements iu the secondary diagonal, and sub- 
tracting the second product from the first. 

14. We have repeatedly shown that 



ai^iCi 


= 


«1&1 


C3- 


ttl^l 


C2-I- 


a^b^ 


0262^2 




0262 




as 63 




asbs 


OgfesCg 















From this it appears that a determinant of the third order can 
be decomposed into determinants of the second order, each 
multiplied by the elements in order of the last column, begin- 
ning with the last element. Since any column may be made 
the last, 9, the assertion just made amounts to saying that 
a determinant of the third order may be expressed in terms 
of determinants of the second order and the elements of any 
column. 

The reader will readily see how the determinant factors of 
the expansion in the present article are obtained from the , 
original determinant. For example, the cof actor of C2 is ob- 
tained by striking out the row and column in which C2 is found, 
and regarding what is left as a determinant of the second order. 
Thus, , 

Ctz 63 ^8 
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15. The following convenient rule for the complete expan- 
sion of a determinant of the third order is indicated in the 
accompanying diagram, and is described as follows : — 

The terms composed of ele- 
ments of the principal diagonal 
and of the minor diagonals 
parallel to it are positive, while 
those formed of elements in 
the secondar}' diagonal and the 
minor diagonals parallel to it 
are negative. The elements 
pierced by the double lines 
compose the positive terms. 
The elements pierced by the 
single lines similarly consti- 
tute the negative terms. In accordance with these directions, 
the expansion of 

I Ui biCi is «i^2^3"f- ^h^s^'i "f" ^^•J^l^'2 — ^h^*>^i — ^h^i^'ii — ^^i^-i^'i' 

I 0/2 O2 C2 
1 ^3 f^r, ^3 

This is identical with the expansion already obtained in 5, as 
it should be. 

EXAMPLES. 




1 . Find the values of : 



-4 -G 
5 o 



25 18 
49 75 



' a b\ 
1^ a' 



a-\- h b 
a -f- 6 a 



a —6 b 
b — c c. 
1 



I -10 -G ; i 7 1 1; 10 3 ; 1^ ^ a 

« -3 i 5 ; 4 I , 1 
I a 

2. Write in determinant form : 

7 ; 5 ; 16 ; — 13 ; a\y — xy ; 3a — 76 ; c^ — 6d ; ; Sgh — xy. 

b a 

(Suggestion : — 7 = 3x2 — (Ix — 1)= 1 ""or Numberless 

other forms could, of course, be given for the same quantity.) 
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3. Without passing from the determinant notation, show 
what relation exists between 

(9.) 



cfi bi 


and 


bi ai . Also 


a. 


' y 


and 


m n 


iuM 




boao 


M n 




X y 


IJompare ! « 6 1 and 


a c\. 








\c d\ 




b d\ 





Also compare 



i a b 

•c d 



!3a 36 

' c d 



, and 



3a 6 . 
3c d 



5. Write the expansion of the following determinants : 

(0465); (ai6t); |a*6jc,„|; ia,64C6[; (a365C,); \bor,,(t^\. 
\j. Find the values of : 



; 1 2 3 
4 5 6 

! 7 8 9 



pa 


4 7 8 
3 6 
5 9 

re 


1 


(/, 
6 
c 

a c 
d 0/ 
g Qk 


; 
6 


and 


a 
c 
6 

a 
d e 
9 1^ 


I 
t 1 



/ 
k 


a c 
b b 
c a 


1 


(( b c 
b c a 
c a b 



Also compare 



Also compare 



a mb c 
d me f 
y mh k 

ill 61 Cj 

(h 62^2 

«3 ^3 ^Z 



and a 6 c 
d e f 
il /^ 't 

and I tti a^aj '. 
1 ^1 62 63 i 
i Ci 02 Cg I 



8. State the probable theorems exemplified by the results in 
Ex. 7. 



9. Find the vsClue of x in the equations ; 



(1) 



(3) 



2 
-1 



1 


1 


1 


a 


X 


c 


b 


b 


X 



|=|3 4;; 
! '5 61 



= 0; (4) 



(2) 



a; -4 1 

-6 3 -2 

X 2 1 



= 0; 



a* a a 


= — 


6 6 it- 


a a; a 




b X b 


ri a X 




X b h 



Digitized by 



Google 



16 



THEORY OF DETERMINANTS. 



10. Und the complete expansion of 



"r 


br 


Cr 


dr 


a, 


b, 


c, 


d, 


a. 


K 


c„ 


d. 


«. 


K 


c. 


d. 



= \a^bt c« dj[ . (6, equation (E) , et seq,) 



1 1 . Write in determinant form, square notation : 
(1) bfg + eid + 'w;^' — hfd — ecg — 6iA:. 

( 2 ) mj rig ^3 — wii rig rg + m2 rig ri — - wig rii r^ 4- wig ni rs — m^n2ri . 
(3) ^xyz-x'-f-^. 

12. Employ 9 to compare the following : 



a b c and 
f« e f 
g h k 


d e f 
g h k 
a b c 


1 


m n 
p q r 

8 t U 


and 


n m 
r q p 
u t s 




m n 


and 


m n 


, 




p q r 

H t U 






r 2 

It I 


9 q 

? t 







13. Expand the following in terms of determinants of the 
second order and the elements of any column (14). Verify 
the results by making use of the rule in 15 : 



«1 ^ ^'l 


? 


x^y^Tih 


j 


a^ b^ C4 


(h ^2 Cg 




Xsys^h 




Og 63 C-g 


ttg 63 C;j 




x^y^m^ 




Cfe ^6 <^6 



14. Count the inversions of order in 
13 54267 



(a) 
(ft) 
(c) 
{d) 

(^) 



2361457 

6 3 5 4 17 2 

7 8 9 6 5 3 4 2 1 
9 87654321 
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CHAPTER II. 

GENERAL PROPEUTIES OF DETERMINANTS. 
Notation and Definition. 

16. The investigations of the preceding chapter have revealed 
the fact that a determinant of the second, third, or fourth order 
is a function of 2-, 3-, or -4^ quantities respectively, and have also 
established a uniform law of formation for these functions. In 
order therefore to investigate the properties of Determinants in 
general, we have but to consider a function of n^ quantities 
whose law of formation is given in the following definition. 

17. Definition. — A Determinant is always a function of li^ 
quantities. These quantities, called elements, being arranged 
in the form of a square consisting of n rows, and thus also of 
n columns, n quantities in each row and in each column, the 
determinant of these 7r quantities is the sum of the terms 
formed as follows : * Each term is the product of n elements, 
so chosen that there is one element from each row and one 
from each column, — but two elements from the same row or 
column must never occur in any one term. The sign-factor of 
each term is (— 1)^ + *, in which ^^ is the number of inver- 
sions of order t of the rows, and ^ is the number of inversions 
of order of the columns, from which the elements composing 
the term have been chosen. 

Note, — Each term being composed of n factors, the deter- 
minant is said to be of the nth. order or degree, 

* 22 et seq. will show that the law of formation given in this definition 
is the same as that already observed in determinants of the 2d, 3d, and 
4th orders (3 to 6 inclusive). 

t 5, footnote on inversions of order. 
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18. To expand 



a b c 
d ef 
mn o 



by the definition, we may select any 



row, as, for instance, the second row, and using each element* 
of that row in turn, according to the directions given, we shall 
form all the terms of the determinant. For the first term, then, 
taking d as the first element, we see that we can take h and o 

rtb u 

for the other factors of a term, and no more, since we have 
then chosen one element from each row and one from each 
column, and no two elements are from the same row or column. 
We now have the term dho. To form another term containing 
d, we can evidently take n and c, giving the term dnc^ which as 
before contains an element from each row and column, and no 
two elements are from the same row or column. No other 
terms containing d can be formed. The terms containing e are 
in the same way eao and mec ; the diagram will sufiftciently 
explain the manner of obtaining these terms. 

a ^ C 

m f^ o 

The terms containing / are likewise naf and fhm. 



a 
-d- 


I 
-e- 


■-Jf- 


m 


n 


<> 

1 



To fix the signs of these terms, we will write under each 
term the numbers giving the rows and the numbers giving the 

* There is a difference in the nomenclature. What we have called 
elements some authors call constituents, and an element is a term. 



Digitized by 



Google 



GENERAL PROPERTIES OF DETERMINANTS. 19 

columns from which the elements have been taken, and opposite 
each series the number of inversions. Thus : 

dbo dnc eao mec naf fhm 

Rows 213-1 231-2 213-1 321-3 312-2 213-1 
Columns 123-0 123-0 213-1 123-0 213-1 321-3 
The sum of the inversions of order in rows and columns of the 
first term is unity; .-. (— 1)^= — 1, and dbo is negative. In 
dnc the sum of inversions of order in rows and columns is 2 ; 
.-. (— 1)^=*1, and dnc is positive. Similarly for the other 
terms. Affecting the terms with their proper signs, 

a h c =i — dbo + dnc + eao — mec — naf + fbm, 

d e f 

m n o 
Scholium. — This illustration is inserted only to give the 
reader a clear idea of the meaning of the definition, and not 
because we really employ the definition in the practical expan- 
sion of determinants. In fact, the great beauty of the deter- 
minant notation is that we are able to conduct most of our 
investigations with the help of determinants without requiring 
the expansions at all. In case it becomes necessary to expand 
a determinant, we have several excellent methods to be given 
later. One method for the expansion of a determinant of th« 
third order has been given already (15) . 

19. In accordance with the notation already exemplified iu 
Chapter I., a determinant of the nth order is written 



% b-i c„ . 


.. 1,\ 

..h\ 


«„ K c„ • 


.. h 



This form is shortened to (ai^gCs ••• h) or |ai&2^3 ••• ^nh or to 
2 ± a^b^c^ ... Z„. In each of these shortened forms those ele- 
ments occur which occupy the principal diagonal* in the square 
arrangement. The form S ± oti&gCs ... ?n is suggestive of the 
manner in which the function is formed. The 5 ± stands for 



*11. 
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20 THEORY OF DETERMINANTS. 

the sum of all the terms that can be formed from the principal 
term by permuting the subscripts and prefixing the proper sign 
to each. (23.) 

Another and very convenient notation is obtained by employ- 
ing a single letter affected with two subscripts ; the first sub- 
script giving the row, and the second subscript the column, in 
which the element occurs. Thus : 

\ (hi ^f'12 (^li ••• <hn [• 
ffjjl a22 «2:j ... Il2n \ 
(hi ^^ ^'.n ••• (^3n , 



This form may, like the first, be shortened to | auajj ... «„^I, 
(«ii 022 «83 • • • <^nn) ? ^r 2 ± 0^ 022 Ogg . . . ««»• It may also be still 
further abbreviated to | ai„ \ . A modification of this notation, 
with the two subscripts, consists in omitting the letter alto- 
gether, and writing the determinant thus : 



(1,1) (1,2) (1,3) ... (1,70 

(2,1) (2,2) (2,3) ... (2,r0 

(3,1) (3,2) (3,3) ... (3,71) I 

(>i,'i) {n,2) (71,3) .'.. {n,n) \ 
finally, 



or 



11 12 13 ... In |; 
21 22 23 ... 2n \ 
31 32 33 ... 3n \ 



7il 7i2 n3 ... nn 



llv, /I 2 3 ... n\ 



These last three forms are called the umbral notation. 

20. The following corollaries flow from the definition in 17. 
They are obvious upon a moment's reflection. 

CoK. I. — The principal term is always positive. 
CoR. II. — If each element of a row or of a column is zero, 
the determinant vanishes. 

General Properties. 

21. Theorem. — If in a series of integers which are oM 
different^ any two are interchanged^ the others remaining undis- 
turbed^ the number of inversions of order is thereby increased or 
diminished by an odd number. 
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GENERAL PKOPEBTIES OF DETERMINANTS. 21 

Let the series of integers be Ae Bf C, in which A is used to 
denote the series ayK ... preceding e, B denotes the series h{fl ... 
between e and /, and C the series following /. 

In the first place, it is evident that if any two adjacent 
integers are interchanged, the number of inversions of order 
is thereby increased or diminished by unity. For let vm be 
any two adjacent integers in a series. If we write mv, we 
introduce one inversion of order if m > v. Or, if m < 'y, we 
have lost an inversion. Now, since this change cannot affect 
the rest of the series, we have increased or diminished the total 
number of inversions in the series by unity. 

Again, in order to interchange e in AeBfC^ with / separated 
from e by k, intervening elements, we may first interchange e 
with the elements to the right in regular succession k + 1. times ; 
this brings e into the place at first occupied by /. The;i, in 
order to transfer / to the place formerly occupied by e, we have 
to pass / over k elements to the left. Altogether, we have 
changed the number of inversions of order from odd to even, 
or from even to odd, 2A: + 1 (an odd nunlber) of times. Hence 
the proposition. 

22. Theorem. — The member of terms in a determinant oj 
the nth order is 1 • 2 • 3 • ... 7i = n ! 

The simplest wa}- to form the terms of a determinant accord- 
ing to the definition, is to choose the elements from the columns 
in order ; that is, the first element of a term from the first 
column, the second element from the second column, etc. 
Choosing the elements in this wa}-, we may take the first ele- 
ment of a term from the first column and thii^d row, say, the 
next element from the second column and any row e^tcept the 
thirds the next element from the third column and any row 
except those already selected, and so on, until all the columns 
and rows have been drawn upon. The numbers of the rows 
from which the elements are chosen will constitute a permu- 
tation of the numbers 1, 2, 3, ... w, and it is obvious that 
we can therefore select the elements to form a term in as 
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22 THEORY OF DETERMINANTS. 

many different ways as there ai*e permutations of the first n 
numbers, that is ?? ! There are accordingly n ! different terms. 

23. Cor. I. — The terms of a determinant |ai 63^*3 ••• ^n I 
may all be obtained by keeping the letters in alphabetical order 
(i.e., choosing the elements for each term from the columns in 
order), making all the possible permutations of the subscripts, 
and prefixing the sign -|- or — to each .permutation, according 
as the number of inversions of order is even or odd. Since 
the expansion of a determinant in accordance with the definition 
would also be obtained by keeping the rows in order, and 
choosing the elements from the columns in all possible ways, 
all the terms of | ai 63 Cg . . . Z„ | can be formed by permuting the 
letters, keeping the subscripts in order, and prefixing the sign 
-|- or — to each permutation, according as the number of in- 
versions of the letters is even or odd. 

24. CoR. II. — Similarly, the terms of | ai„ | can be formed 
by making all the possible permutations of the first set of sub- 
scripts and keeping the second set in order ; or the terms may 
be obtained by making all the possible permutations of the 
second set and leaving the first set in order. 



Illustrations : To expand 



, we may write the permu- 



OTi 61 Ci 

a2 62 ^2 

CCq C?3 Cg , 

tatious of the subscripts in a column, and indicate the number 
of inversions of order in each by a figure placed at the right ; 
or we may write tlie permutations of the letters in the same 
wav. Thus : 

1 2 :\ ... -a b r ... 

1 3 2 ... 1 acb ... I 
3 1 2 ... 2 bar ... 1 
3 2 1 ... 3 b c(( ... 2 

2 3 1 ... 2 cab ... 2 
2 1 3 ... 1 cb(( ... 3 

The two expansions are accordingly 

ai&s^s — ctiC2bs — hia2C^ 4- biC^a^ -f- Cia^b^ — Ci^a^^a- 
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To expand laiia22<^88| according to Cor. II, we have simply 
to write the elements for each term with one set of subscripts 
in order ; thus, 

ttiO^a^, (h^^Hf ^102%, tti 02(13, 0^0203, aia20Q; 
and then for every term, according as we choose from columns 
or rows in order, write one permutation of the numbers 1, 2, 3, 
before or after the subscripts already written, obtaining 

^11 ^22^^ — ^11 ^32 ^'23 I ^31^12^23 — ^31^22^13 i ^21^32^13 — ^21^12^33 

or 

^'11^22^33 — ^'11^23^32 — ^^12^21^^ "I" ^12^23^% 1 f' Li ^21 ^32 — ^13^22^'31* 

25. Theorem. — In any determinant, if the rows in order 
are made the columns in order, the determinant is unchanged. 

The theorem is an obvious consequence of 23 and 24. The 
following proof is based directly upon the definition. Consider 
the determinants A and A', which differ only by making the 
rows of the one the columns of the other. Every tei-m of A 
contains an element from each row and column of A ; hence it 
contains an element from each column and row of A', and is 
therefore, disregarding the sign, also a term of A'. Similarly, 
every term of A' must be a term of A. We have now to show 
that the signs of corresponding terms are alike. Let the num- 
bers of the rows and columns for a term of A be 

a, y, /?, T, o", ... for the rows ; 

r, t, a, s, m, ... for the columns. 
Then, by hypothesis, tlie numbers of the rows and columns of 
the corresponding term from A' will be 

?•, t, a, s, m, ... for the rows ; 

a, y, /8, T, (T, ... for the columns. 
The two terms obviously have the same sign. Hence the 
proposition. 



Illustrations : 

I ^11 ^12 ^13 ^14 

I ^l ^22 ^^ ^24 

' %1 ^32 ^33 ^^34 

^41 «4L' ^^43 ^^44 



ail ^21 ^31 ^41 
ai2 CI22 (^2 ^42 
^13 ^23 ^38 ^'43 
r^l4^24«'M«44 



cti biCidi I = tti ag c/a a^ 



a2&2^2^2 i 

Og 63 C3 dg I 

a^b^c^d^ 



bi 62 ^5 h 

Ci C2 C3 C4 

di dg dg C?4 
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26. Theorem. — In any determinant the number of positive 
terms eqnaJs the number of negative terms. 

By 23 all the terms of a determinant can be formed by keep- 
ing the letters in order, and making all the possible permuta- 
tions of the subscripts (or 24, case of the double subscripts, 
by keeping one set in order and permuting the other set) . We 

n\ n\ 

have to show, therefore, that -^ permutations are even* and ~^ 

are odd.* Let x and y be the number of even and odd per- 
mutations respectively ; then x -\- y=^n\ If we interchange 
any two subscripts in each of the x even permutations and in 
each of the y odd permutations, the even permutations become 
odd and the odd even. Since by the interchange of two sub- 
scripts we could only reproduce permutations all different from 
each other, and already found in the original set of permuta- 
tions, it follows that x — y. 

27. Theoukm. — //* tmo 2>ara?ZeZ lines (roivs or columns) of 
a determinant are interchanged^ the sign of the determinant is 
changed^ bvt its nnmeHcal value is unchanged. 

Let A be tlie given determinant and A' the same determinant 
after the /rth and ?-th rows have been interchanged. Then 
-A = A'. 

Let T = ± Ad,, Bni^ C be a term of A, in which A, B, and C 
denote the product of elements from all the rows and columns 
except the dth column and A:th row, and the mth column and 
rth row. Then T (disregarding the sign) is also a term of A?, 
for it contains an clement from each row and column of A'. 
Now y, regarded as a term of A', contains exactly the same 
inversions of the columns as it does when regarded as a term 
of A ; but the number of inversions in T, as to rows, when 
considered as a term of A', is an odd number, more or less, 
than when considered as a term of A. For, in writing the 
numbers of the rows, to determine the inversions, we write 



* This language, of course, signifies permutations in which the number 
of inversions of order is even or odd respectively. 
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them just as we would for A, except that k and r will have 
changed places {dj, being found in the rth row, and ii\ in the 
A:th row of A') . Thus every term of A is found with the oppo- 
site sign in A', /. — A = A'. By 25 the proposition must be 
equally true for an interchange of two columns. 



Illustrations : 

I ^ , - - — ao6oCi — OoftiC,— ai&oCol = 

I rr., 0» C;^ ,J - 1 _ 1 .5 1 .i -J 

Oj hi Ci di 
a^ ^2 C2 do 

rt4 64 C4 (^4 



^3 ^3 ^3 I 

a., ft., c, 



ag 63 Cg dg j 

' a4 64 C4 ^4 i 



a2 62 ^2 ^2 
a4 64 C4 (?4 

a.{ ftg Cg rf-i ! 



ai di Ci 61 1 . 

^3 ^3 ^3 ^3 j 
a^ d^ C4 64 
a., f7o Co &.> 



(ctihc^d^): 



a^ bo Co do I 



2S» Cor. — If two parallel lines of a determinant are iden- 
tical, the determinant vanishes. 

For, by the proposition, if the two identical rows or columns 
are interchanged, the sign of the determinant is changed. But 
the interchange of two identical linos cannot affect the deter- 
minant. Thoroforc 

A=-A, 
2 A = 0, or A = 0. 
Illustrations : 



ah c 
def 
(I, h c 



= (ler 4- dhr -f- dhf — (ific — dhc — <ihf= 0. 



Ui hi c\ f7, 
ct2 62 C2 d.2 
€1.2 62 C2 d,2 

«4 K C4 f/4 



= ' (lla.2a.2a^ 1 = 0. 
hi />o h.2 ^4 
I ('l C'l <h Q 

I dy d.2 di di 



(cti h.2 Cg ^4) = 0. I (ix ho (h d^ I = 0. 

29. If in a series of integers, 

/, a, (?, c, Z, m, w, 
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the first is passed over all the others in succession to become the 
last, the others remaining undisturbed, thus, 

a, rf, c. Z, w, ??,/, 
the numbers are said to have been cyclically interchanged. It 
is obvious that a cyclical permutation of n given numbers 
can always be effected by n — 1 interchanges of two adjacent 
numbers. Accordingly, a permutation containing an odd or 
even number of inversions still contains, after a cyclical inter- 
change, an odd or even number of inversions if n is odd ; if n 
is even, however, a permutation containing an odd or even 
number of inversions will, after a cyclical interchange, contain 
an even or odd number of inversions respectively. 

From a given permutation of n integers any other permuta- 
tion can be obtained by cyclical interchanges. Thus, from 

fadcegb 
we get c a gfd b e 

as follows : — c f a d e g b 

r afd e g b 
c a g f d e b 
c a gfd b e 

The groups in which the cyclical interchanges take place are, 
of couree, fade, fa, fdeg, /, rf, eb. 

30. The previous article (or 27) establishes the following 
theorem : 

Theorem. — If in a determinant A any row or column be 
passed over A; rows or columns in succession, and the resulting 
determinant be denoted by A', then 

A= (-r-l)*A'. 

Illustrations : 



x^yiZiti 


= 


X^ 3/3 ^3 ^8 


= 


xzhy^z^ 


= — 


xi h yi 2i 


x^y^z^t^ 




a?i y^ 2i ^1 




^ihyiz^ 




x^t^y^z^ 


xsysz^h 




x^yiZ^h 




x^hyiZ^ 




x^Uy^z^ 


x^y^z^U 




x^y^z^U 




xj^y^z^ 




x^hy^z^ 



\XoyiV2Ws]== — \Xiy2VsWQ\:= — \ViX2ysWo\=^\ Xi 3/2 % '^0 I • 
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EXAMPLES. 

1. The student who has not done the examples at the end 
of the first chapter may attend to them before proceeding to 
the following. 

2. What terms of | OiboCad^] contain b2d^? 

3. Write the terms of (XiyzW^z^tr^ that contain hy^w^^, 

4. Show that in a determinant of the 7ith order onlj' two 
terms can have (?i — 2) elements in common, and that these 
terms have opposite signs. * 

5. What is the sign-factor of the term containing the ele- 
ments in the secondary diagonal of a determinant of the nth. 
order? 

G. Show that the sign of a term is independent of the 
arrangement of the elements composing it. 

7. Show that the sign of a determinant is not changed by 
any interchanges of rows and columns that leave the aame 
elements in the principal diagonal, whatever the final arrange- 
ment of the elements in this diagonal. 

8ug, If a/3/3 ttyy ttoa . . . «AA be the final arrangement sought, 
a^^ can be brought into the first place by 2(/8— 1) interchanges 
of two rows and columns, etc* 

8. A corollary from 30 is : Any element a.^^ can be trans, 
f erred to the first place by making the tth row and A:th column 
the first row and column, and then multiplying the determinant 
by (-1)"\ 

31. Theorem. — If every element of any line {row or column) 
is multiplied by any number^ the determinant is multiplied by 
that number. 

Since every term of the determinant contains one element, 
and only one, from the line mentioned in the theorem, the truth 
of the proposition is evident. 
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Illusti-ations : 

• Oi?' hit CiV I 
I a2 62 Cg , 
1 ^ ^3 ^3 



«i hi Ci 
(X2&2C2 
«3 ^3 ^3 



= 1 ai hiY Ci j = 1^ a I 

«3 ^3?' ^3 i a2 



61 c, • 

62 ^2 



r 



A = 



6c a a- ; ; 
ca 6 6- 1 
ah c & 



then a6oA = 



ahc. a? a^ 


; •• A = 


1 a^ a*^ 


ahc h^ W 




1 62 63 


; (the & & 




1 i? & 



Let the student show that 



hcA a a^a^' = 


1 a^ 0? a^ 


cdah W¥ 


1 ?>*6«6< 


dab c c* c' 


1 c^ c' c^ 


ahc d d* (f 


1 <f (Pd^ 



32. Cor. I. — Changing the signs of all the elements of any 
row or column changes the sign of the determinant ; for it is 
equivalent to multiplying the determinant by — 1 . 

33. Cor. II. — If two rows or two columns differ only by a 
constant factor, the determinant vanishes. For we ma}' divide 
each element by the constant factor, and write this factor as a 
multiplier before the determinant. Then the determinant van- 
ishes by 28. 



Illustrations 
a\ 
ha 

CO? 



a" = 



*+2 



= a" 


a 1 1 


= 0. 


1 5 7 


•^z 


1 1 7 




h a a 




2 10 6 




2 26 




CO? a^ 




3 15 9 




33 9 



= 0. 



34. Theorem. — If each element of any line * of a determinant 
is a hinomial, the determinant equals the sum of two determinants; 
the first of lohich is ohtained from the given determinant hy suh- 
stUuting for the hinomial elements the first terms of the hinomials, 
and the second determinant is ohtained from the given determi- 

* Since it has been shown (25) that what is true of the rows of a 
determinant holds for the columns, it will only be necessary hereafter to 
state a proposition with reference to either rows or columns. 
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nant by substituting for the binomial elements the second terms of 
the binomials. 

By the definition every tenii of the determinant must contain 
one of the binomial elements. 

Let (m-^n) b g h k ,,, I 

be one of the terms of the given determinant ; this may be 
written m b g h k .,, l-\-nb g hk ,., I, 

Now the first term of this sum is a term of the original deter- 
minant, with m written for m 4- n, and the second term is a 
term of the original determinant, with n written for m + «. It 
is obvious that a similar statement applies to every term of the 
given determinant ; hence the proposition. 

Illustrations : 



cii + tti bi Ci 

^S + ag 63 Co 
«1 — 2/1 *% >*l 

X2 — y2 mo no 

^3 — 2/3 W3 '>h 



a I by Ci 
a2 bi Cj 

<^3 ^3 ^3 

Xi mi ni 
X2 w?2 no 
Xq m^ 7*3 



-I- 



ttj ^1 Ci 
ttg 62 Cg 

ttg 63 Cg 

yi wii ni 

2/2 *^2 *^2 

2/3 ^% ^^3 



35. The preceding theorem is evidently' capable of extension. 
The same reasoning applies to a determinant any line of which 
is composed of polynomial elements, or, again, in which each 
element of every line is a pol3'nomial. That is to say : If each 
element of any row is a polynomial of q terms, each element of 
another row a polynomial of r terms, each element of another 
row a polynomial of s terms, etc, the given determinant is the 
sum of sxqxr,,. determinants. Thus: 



+ 



+ 



a + & -|- c m — n 
d-i-e-^f o-i-p 
g-h-^k q — r 

c m — n t 

— / -i-p u 

k q — r V 



m — n 
o4-i> 

4- 



-f- 



b 

e 

-h 



■f 



c 
k 



a — n 
d p 
g-r 

c — n 

-f p 

k-r 



+ 



m — n 


t 


o+p 


u 


q^r 


V 


b m t 




e u 




h q V 
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36. Reciprocally, If q determinuuts differ from each other 
only in a single line^ the sum of these determinants is a single 
determinant, derived from any of the given determinants by sub- 
stituting for the elements of the line which is different in each 
of the q determinants, the sum of the corres^ionding elements of 
the q determinants. 



Illustrations : 










(f b c -f <( b c -f m no =' a h 
d e f X y z a b c d -\-x — m *' -\- y — n 
1 f/ /i ^• , g h k g hk g h 


/+ 


c I 
z — o 

k i 


The student may show that 






•! a I Oi bi Ci 

1^2 02 bo C2 

1 (/3 K ^3 
1 (^4 ^'4 ^4 


— , ai 61 Ci 
Oa 62 C2 

Og 63 C3 ttg 
, fU ^4 ^4 ^4 


= 0. 







37. Theorem. — A determinant rc.nains unchanged if the 
elements of any line be increased or diminished by equal multiples 
of the corresponding elements of any parallel line. 

We are to show that 

' ttj 61 Ci di ... ?i =!«! bi Ci±qiai±q2bi±...±li di ... l^ 

^0-2 62 ^2 ^2 ••• k \(^2 ^2 C2±qia^±q2b2±'..±l2 cig ••• k 

r(3 b^ C3 ds ... Z3 I as 63 Cgi^'ittgigg^s ±--- ±^3 ^3 ••• ^3 

i ... 

, «n ^n -(^n ^n '" L, , «h ^» C„ ± ^itt,, ± T^g^^ ± . . . ± /,, C/„ ... /„ 

Calling the first determinant A, and the second A', we have, 35, 



A' = Ui bi Ci di . 
a., b. Co do . 




±^yi 


«! 61 «! di . 
(«2 &2 ^^2 (^k • 








. a„ 6„ c,, d„ . 

± qo Ui bi 61 cZi . 

a, bo b, do . 


• ^2 


± 


^^n ^^i <fn ffn ' 


± 


a2 62 ^2 <^2 • 


.. Z, 
.. Z2 


|«H ^. ^„ ^H .• 


./n 






^^ K L <^n • 


.. l„ 



Whence, since all the determinants of tliis series, except the 
first, vanish, A = A'. 
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This theorem is of great importance in simplifying and ex- 
panding determinants. Thus : 



1 a h-^c = 1 a a + 6-hc 
\ h c-jrCL 16 a + 6-hc 
1 c a4-6 1 c a-h6+c 

a a + 3 a-f 6 = 
a + 2 a + 5 a + 8 



= (a + 6 + c) 



1 a 1 =0. 
1 h 1 
1 c 1 



3(a-fl) 3(a4-4) 3(a + 7) 
a 4-1 a-h4 a-f? 
a+2 a+5 a+8 



= 0. 



1 1 


1 


1 


= 


1-1 


1 


1 




1 1 


-1 


1 




1 1 


1 


-1 





= — 


02 2 


= -8 


1 1 




202 




1 1 




2 20 




1 1 



The second determinant is obtained by adding the second 
and third rows to the first row. 

-1111 =- 02 2 =-8 Oil =-16. 
002 2 
2 2 
02 20 

The second determinant is obtained by adding the first row to 
each of the others. 

The third determinant is obtained from the second by ob- 
serving that as all the elements ^ except one, of the first column 
of that determinant are zeros, aU the terms vanish that do not 
contain (—1). 



7 


11 


4 


=3 


7 11 


13 


15 


10 




13 15 


3 


9 


6 




1 3 



4 
10 
2 



1 = 3 



7 


-10 


-10 


=3 


10 10 


13 


-24 


-16 




24 16 


1 













=30 (16-24) = -240. 

The third determinant is obtained from the second by subtract- 
ing three times the first column from the second column, and 
twice the first column from the third. 

Minor Determmants. 

38. If in a determinant any number of rows and the same 
number of columns are suppressed, the determinant consisting 
of the remaining elements (their relative positions being undis- 
turbed) is called a minor of the given determinant. 

If one row and one column are suppressed, the result is a 
principal minor, or a first minor ; if two rows and two columns 
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have been suppressed, a second minor ; and so on. The elements 
common to the suppressed rows and columns also form a deter- 
minant called the complementary of the minor, formed from the 
rows and columns that were left undisturbed in the original 
determinant. 



Thus, 



Og 63 



and 



C2 C?2 
C4 ^4 



are complementary minors of 



' tti 62 Cji ^4 1 ; *^^^ I <^i ^2 1 and I C3 ^4 j, or b^ and | Oi c, (^4 1 , are 
complementar}" minors of | a^ ftg ^3 (^4 1 . | Cj d^ | and | Og 64 65 1 are 
complementary minors of | ai h-j c^ d^e^l. In general, if the 
deteiminant is of the nth order, two complementarj' minors will 
be of the rth and {n — r) th orders respectively. A determinant 

of the nth order has n' first minors, — ^ L second minors, 

etc. (2!)' 

Since we usually denote a determinant by A, it is convenient 
to denote the minor obtained by suppressing the row and 
column of c/g by A,,^ ; that obtained by suppressing the row 
and column of d^ by A^^, etc. 

Similarly, a second minor, obtained by suppressing the rows 
and columns of h^ and c„ is denoted by ^hk^Cr ; and so on. 

Equally efficient notations are : D > and D) ^\ -. for the 

minor obtained bj- suppressing the Zth row and mth column, 
and the minor obtained by suppressing the Zth, 71th, and t\h 
rows, the mth, rth, and A:th columns respectively of |ai„|. 

39. Since, by definition, every term of a determinant con- 
tains one, and only one element from any line, the determinant 
must be a linear homogenous function of the elements of any 
one row or column. Thus : 

I «! h.2 C3 .../., I = aiAi + a.^Ao -f- a.^, H f- a„A,, 

= a,A, -f- &i A + ^'1 (\ + ••• + /i A 

in which Ai, ^2---4„ ; Ci, C2...(7n ; etc., denote functions of the 
elements found in the rows and columns outside of the particu- 
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lar line, in terms of which the development is given. In the 
next article we shall find the values of these functions. Since 
we may regard the determinant as a function of n' independent 
quantities, each of the coeflacients Ai, A^-, ..., may be obtained 
by differentiating | aj 62 Cg . . . Z„ | with reference to the quantity 
whose coefficient is desired. Introducing this concept, the 
equations above written become respectively 

da^ da2 da^ da^ 

d^ , J dA ^ d^ ^ ,jdA 

= a I h bi \-Ci h • • • 4- '1 — 

da I dbi dc'i dli 

dA , dA , rfA , i^dA 

aci aCg "Ci <*^» 

This notation is often employed. 

40. Theorem. — The coefficient of any element in the eoopan- 
sion of a determinant is the first minor obtained by suppressing 
the row and column to which the element belongs. This minor 
is taken with the -|- sign^ if the sum of the row and column 
numbers, to xohich the element belongs, is even; with the — sign, 
if this sum is odd. 

Consider the determinant A = :S ± aj 60 c., ... /„, and suppose 
A to be written, 

A = aiA + a2^2 + «d^3+ ••• +«»-!,.• (1) 

We can collect all the terms of A that contain aj, and write 
this element as a factor of the polynomial that results ; we can 
do the same for ag, as, and so on, for each element of the first 
column. These polynomials are Ai, A^, A3, etc. Now since 
Ai is the cof actor of ai, it can contain no elements from 
the first row or column; hence aiA^ can be obtained from 
2 ± tti 62C3 ... ?„ by considering a^ as fixed, and making all the 
possible permutations of the subscripts of the remaining letters, 
I.e., by multiplying aj by 2 ± ^2 ^3 ••• ^i- 

Hence, Ai = Ao^, the minor obtained by suppressing the first 
row and first column of A. 
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Now, we can bring Oj into the first place by one interchange 
of rows : we then have A = — 2 ± 02 61 Cg . . . i^. Employing the 
same reasoning as before, A2 must be obtained bj' multiplying 
Og by — 2 ± &i C3 ... /„ ; whence -^2 = — Aa,. Again, Og can be 
brought into the firat place by two interchanges of two rows ; 
whence A^ — Aa^^ and so on. Finally, a, can be brought into 
the first place by n — 1 interchanges of two rows ; hence, as 
before, A= (- l)""^Aa„. 

Substituting these values of Ai^ A^^ etc., in (1), 

A = aiAo, - ttjA,^ -h Og Aa, -f (-l)~-^a„Aa^. 

Since the columns may be made rows, it is evident that 
A = aiAa,-&iA«,, 4-CiA,, 4. (-1)«-i;jAz,. 

It remains to be shown that the proposition holds for an ele- 
ment not in the first row or column, that is, u4<jfc = ( — 1 )'"*'* Aoa, 
for the coefficient of the element in the tth row and Arth column. 
We may transfer the ith row to the first place by i — 1 inter- 
changes of two rows, and the Ajth column may likewise be made 
the first by fc — 1 interchanges of two columns. The element 
under consideration is now in the first place. Calling the trans- 
formed determinant A', we have 

A = (-l)'+*-2^', or A = (-1)»+*A'. 
Whence ^« = ( - 1 ) *+* A«^. . 

41. Cor. I. — A determinant can be developed in terms of 
the elements of any line and their principal minors. The signs 
are alternately -h and — ; and the first term is -f or — , accord- 
ing as the number of the line is odd or even. 

Illustrations : 



tti 61 Ci dx 


= ai 


&2 ^2 C?2 


-«2 


bi Ci di 


+ ^3 


bi Ci di 


-a. 


bi Ci di 


a^ ^2 ^2 c?2 




63 C3 dg 




h c^s ^3 




62 C2 (?2 




b^c^d^ 


«3 ^3 <^3 <^3 




64 C4 d4 


64 C4 d^ 




64 i\ ^4 




bs Cg dg 


04 64 C4 d^ 



















= -6i|a2 Cg rfil-h^alaiCg cZ4|— ^giai Cg d^\+b^\ai Cg dgl 
= Ci|a2 bs ^4 1 -C2 1 fli 63 (^4 1 -f ^^sl^i h ^4 1— C4 |ai 62 ^^sl 
= — CT4I &i C2 c?3 1+^ I «i ^2 <^3 1 —c^lai 62 ^3 1 +C/4I oil 60 Cg) 
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42. 41 obviously gives a ready way of expanding any deter- 
minant.* For we may express the given determinant in terms 
of the elements of any line and their principal minors ; these 
minors will be determinants of the (n — 1 ) th order. By a 
second application of 41, each of the minors in the first expan- 
sion ma3^ be expressed in terms of the elements of any line and 
their principal minors, which minors will be of the (n — 2)th 
order. So by successive application of 41, any determinant 
may be expressed in terms of determinants of the second order ; 
and these latter, being binomials, can be at once written out. 
Thus; 

1 2 3 | = i;8 4 1 -212 3 1 -|-3]2 3 ; 

2 3 4 1 1 4 :> , I 4 5 I . I 3' 4 i 

3 4 5, 
= 1(15-16) -2(10- 12) +3(8-9) =0. 

+a3L6i|c'2d4|-&.|cir/4|+64|cid2|]-ot4[6i|c2d3|— ftakidsl 4-^3^1 C^2|] 
= «i ^h ^3 c?4 — iti 62 C4 c?3 — o 1 hi r., f ^4 -h re 1 h.^ c^ d>2 + t< 1 ^4 Oo d^ — Ui 64 Cg do 

— (i2biCsdi-\-a2biCid;i-\- 
-f- ttg &i C2 ^4 — ag 61 C4 c^2 — 

— a^biC2d^ -h a^biC^idi -\- a^biCid^ — a4b2CQdi — 6646301^2 + ^U^^^^^i 

43. As another corollary from 40, it is evident that if all 
the elements of any row of a determinant except one are 
zeros, the determinant equals this element into its corresponding 
minor, taken with the proper sign. Thus, if the element is in 
the ith row and A:th column, i,e,^ a,^, then A = ( — 1 )*'"** a,jAa,vfc. 

Illustrations : 



5 6 43 =-2 
2000 j 

3 111, 

4 1 2 1 I 



6 4 :^ '=-2 0-2 -:} 
111! 11 1 

12 1 1 



= 2 -2 -3=6. 

! 1 i 



* Compare 15. t Compare 6. 
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The student may establish the foUowiug : 



«i bi c'l di , = ai^2^'3^^- 
b2 C2 d-j ' 

CsC/g , 

d, ; 



di =iub:iC^di. 
CgCij 

63 Cg da I 

fU ^ ^4 ^4 I 



44. From the last two examples it appeal's that if all the 
elements on one side of either diagonal are zeros, the determinant 
reduces to a single term, viz., the term composed of the elements 
in the diagonal which contains no zero elements. 



EXAMPLES. 



1. Show that the following determinant vanishes : 



2. 2 1 -7 
,-4 -3 8 

I 6 5-9 

3. Show that 



= 2 



; 1 
2 

|3 



3 15 2' 
2 5 7 31 

8 9 14' 
6 15 219' 



a ^ y 


_ 1 


1 


1 1 


a' fi' y' 


o-h 


a'/3y 


/3'ya y'a/S 


a" fi" y" 




a"Py 


/8"ya y"a/8 



This can be. readily established by multiplying the columns 
by py, ya, a/S, respectively, and then dividing the first row by 
a/Sy. A similar reduction can be effected, in general, whenever it 
is desired to reduce a determinant to one in which the elements 
of one line are units. 



4. Find the expansion of A = 



4 2 5 10 
116 3 
7 3 5 
2 5 8 



We notice that 20 is the L.C.M. of the elements in the first 
row ; hence, multiplying the columns in order by 5, 10, 4, 2, 
there results 



1 



5.10.4.2 



20 20 20 20 
5 10 24 6 
35 30 10 

20 20 16 



1 


1 


1 


1| 


5 


10 24 6 1 


7 


6 





2 





5 


5 


4 
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Now, subtracting four times the first row from the fourth 
row, two times the first row from the third row, and six times 
the first row from the second row, the last determinant becomes 



1 
-1 

5 
-4 



also 



bi bi &3 

Ci C2 Cg 

Os Os 

bi ^2 ^3 
^1 ^2 ^3 

1 a a2| = (^. 

1 r / ; 



1 1 

18 

-2 

1 


|- 


-1 4 

T) 4 

-4 1 


18 
-2 

1 


" 


71 

-3 




-\4 
6 



t 18 

-2 

1 


= -G 


71 
-1 


-7 =-6 
1 


64 



-7 
1 


= -3 


_ 1 


1 

2«3^ 


1 1 
rtiOg^a ctiCi2bs 




a 


? 



1 1 

1 «3 ^2 Ci CL2 ^3 ^1 

1 as 6i Cg ttg 6i Cg 
•y) (y-a) (a-/S). 



A vanishes if a = /8, or /3 = y, or a = y ; hence a — /8, /S — y, 
and a — y must be factors of A. Now the product of the three 
differences is a function of the third degree in a, /?, y ; so is A ; 
hence the product of the three differences can differ from A only 
by a constant factor. Comparing the term fiy^ (the principal 
term) , we see the factor mentioned is -j- 1 . 

7. Show that 

1 1 1 i=-(^_y)(a-8)(y-a)(/S-8)(a-/S)(y-8). 



a /J y 8 
a? P' y2 82 

.3 an .,3 g3 



Notice that Examples 6 and 7 give in determinant form the 
product of the differences of the roots of an equation whose 
roots are a, )8, y, ... 



8. Expand 



8 7 


2 


20 


3 1 


4 


7 


5 


11 





8 1 





6 



also 



1 
— a 



y 
1 



* Compare example 3. 
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Expand the first determiuant in tenns of the elements of the 
third row and their principal minors, since two of these elements 
are zero ; then observe that two elements in a row of each of 
the resulting determinants are unity ; hence, each determinant 
can be readHy reduced to one of the next lower order by 35 
and 42. 

j = a- f r- -h b' e- + <rf - 2 }>cpf- 2 cafd - 2 abde. 



i). 



r h 

a 

a 

<' f 



10. Expand 



— a 

I '' 

I r 

I d 



h 


(• 


d\ 


; also 


(I 


d 


c 




(I 


— (t 


h 




V 


h 


— a 





1 a 


fi 


y. 


-a 1 


y' 


-fi' 


-/8-y' 


1 


a' 



-y P -a' 1 



11. Establish the following identity, and express either 
determinant as the product of four linear factors : 
0111 =\0 X y z \. 



12. Simplify 



18. Show that 



1 z^ y^ 
I z' x^ 
1 y-x'O 



^1 + ^3 + ^'l 

1 



X z y 
y z X 
z y X 







«2 + ^1 + h 

^2 + ^2 + ^'2 

^2 4- ^3 + ^2 

1 



h + h + ^3 
C3 -}- % -\- fC] 

1 



X y -\- z -}-t 
y Z'\- t-\-x 
z t-\-x-\-y 



x+y 

z-i-t 
t-i-x 



z-^-t 
t-^x 
x-\-y 
11 + ^ 



= 0. 



14. Express as a single determinant : 

(1) I ^'1 ^ C5 I -hi CL2 &4 C, I - I Ch ^ ^^5 I . 

(2) I ao &2 ^'.^ I - I «0 h(^o\ — \ «1 ^3 ^.-5 I + I ^<1 h (^'\' 

15. ai-}-ao4-<^3 ci24-<^34-«4 <^3+^44-«i a^-\-ai-\-a^, 
h+h\+h h+h+h h+h,^h h^^-h-^-h 

Cl+CjH-Cg C2-hC3-|-C4 034-C44-Ci C4-}-Ci4-C2 
r?i-f C^aH-C/g (^2 + ^3 + ^4 ^3 + f^44-f^ d4-hdi-}-€?2 

= 3 ' a-J)2C^d^ \, 
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16. 



17. 



18. 



sm^A 



bsmA csinA 



6sin^ 1 
csiuA cos A 



cos -4 
1 



= a- — (6^4- c^— 2 be cos A), 



a-\-b-\-nc (n — l)a (h — 1)6 
(n — l)c b-\-c-\-na (n — l)b 
(7i—l)c (n— l)a c-\-a-{-nb 



= n(a-i-b'}-cy 



(a-^hy 
a' 

b' 



{b+cy 

b' 



a' 
{c+ay 



= 2abr(a-}-b^cy. 



19. What is the coefficient of a^ in [ai5 ]? 

20. From the first five rows of | «! 62 Cg ^4 e^ /g gjhg\ write all 
the possible minors that can be foimed, and their complemen- 
taries. 

How many minors, each a determinant of the A:th order, can 
be formed from an}^ k rows of [ ai„ | ? 

21. If each of the elements of any line is the sum of the cor- 
responding elements of two or more parallel lines, multiplied 
respectively by constant factors, the determinant vanishes. 

22. Show that 



tti bi Ci 

Oi2 ^2 ^2 
ttg 63 C, 



10 


=: 


Xi ai bi Ci 




a?2 ^2 62 C2 




«, as 63 C3 





«1 ^1 Ci 2/1 


= 


^2 h C2 2^2 




«8 ^3 C3 2/3 




1 





Qi bi Ci Ui Vi 

a2 &2 <^2 ^2 '^2 

«3 ^3 C3 % '^3 

1 V4 

1 



From this example it appears that any determinant may be 
expressed as a determinant of higher order by writing a zero 
above every column, prefixing a 1 to the row of zeros thus formed, 
and filling in the new column having 1 at the top with any n 
finite quantities. 

23. If in any determinant each element of the first row is 
unity, and if each element of every other row is the sum of the 
elements above and to the left of it in the preceding row, 
commencing with the element directly above, the determinant 
equals 1. 
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24. Auy determinant of order //, in which one element is 
zero, is equal to the product of two factors, one of which is a 
determinant of the wth order, in which every other element of 
the row and column containing the zero is unity. 

2;"). If in any determinant the first element is zero, and if 
each of the remaining elements in the first row and first column 
is unity, the determinant is unchanged when each element of 
the minor corresponding to the zero element is increased or 
diminished hy the same quantity. 

26. A determinant of the nth order is expressible as tlie 
sum of n determinants, the first of which is obtained by chang- 
ing into zero each element of any line except the first element, 
the second by changing into zero the elements of the same line 
except the second element, and so on. 

27. If in two determinants A, A' of the «th order, the first 
row of A is the last row of A', tlie second row of A the (« — l)th 
row of A', the third row of A the (/^ — 2)th row of A', and so 
on; then A=(-l)"" ''A'. 

28. If in two determinants A, A' of the nih order, the first 
row of A when reversed is the last row of A', the second row 
of A when reversed is the (?/ — l)th row of A', the third row of 
A when reversed is the (h — 2)th row of A', etc. ; tlien A = A'. 

46. Theorem. — If the elements of any line in a detemninant 
are respectively multiplied by the complementcn^y miiiors taken 
alternately plus and minus (i.e., the co-factors) of the correspond- 
ing elements of any parallel line, the sum of the products is zero. 

Consider the two determinants, 

A= 1 Oi hy c^ ... /i I and A' = a^ h^ r, ... ly\ 



a., &., r., . . . A, ' , f^, Ih c, ... /., 



I . 



«t f>k Ct ■ 


1 


"* ft* '"» • 


■ h 


a, b, c, . 


•?. 


, (It h,, Ct . 


• h 



'\ 



«„ />„ c„ ... /„ ' a,, K 



Digitized by 



Google 



GENERAL PROPEKTIES OF DETERMINANTS. 41 

where A' differs from A only in having the A:th and pth rows 
identical. Employing the notation of 39, and expanding in 
terms of the elements of the pth row, 

A'=a,^-h&»S,-hc*C^-h--- +hL,=:0. 
Comparing these two expansions, we observe that the second 
may be obtained from the first by substituting for the elements 
of the pth row of A the elements of the kth row ; that is to 
say, if the elements of the A:th row of A are multiplied by the 
co-factors of the corresponding elements of the pth row, the 
result is A' ; since A' = 0, the proposition is established. 

Illustrations : 

If in (a.162^3) = «i(2>2C8) — «2(^iC3) -h ttsC&iCa) we multiply 
the elements of the second column respectively by the com- 
plementary minors of Oj, ag, a,, there results 

^1 (^2^3 — ^3^2) — h (^^'s - ^3^1) -f &3 (^1^2 — ^2<a) = 0. 
Let the student prove the proposition, using a determinant 
of the fourth order. 

46. A determinant is said to be zero-axial if each element of 
the principal diagonal is zero. Thus the following are zero- 
axial determinants : 



^ c, ; ; 


b, c, d. 


a., Cjj 


ag C2 ^2 


(i h, 


as h d, 




(74 &4 C^ 



47. Theorem. — Any determinant may he decomposed into a 
sum of zero-axial determinants : the first of these is obtained by 
substituting zero for each element of the principal diagonal of the 
given determinant ; the next ?i, by multiplying each element of 
the principal diagonal by its complementary minor made zero- 
axial; the next -(?i — 1), by multiplying each product of pairs 

of elements of the principal diagonal by its complementary minor 
made zero-aanal, and so on. 
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In A^"^= loi^gCs ... ^»| change the elements of the principal 
diagonal into zeros, and let aJ"^ denote the resulting determi- 
nant. Whence, 



(M) _ 


b, <•, . 


.. /, 




«j Cj . 


.. k 




■ «„ h . 


.. h 



Let A^" ^^ denote the minor of A^"^ obtained by suppressing 
any one row of A^"^ ; Ao"~^^ denote the minor obtained by sup- 



. (n-i) 



pressing any two rows of Aj ; and, in general, let Ao"~'' denote 
the minor obtained by suppressing any i rows of Ao"^ Also 
let Cji denote any product of the elements of the principal 
diagonal of A^"^ taken 2 and 2 ; Cg any product of those elements 
taken 3 and 3 ; and, in general, (7< any product of the elements 
of the principal diagonal of A^"^ taken i and i. * Now, A^"^ 
evidently contains all those terms of A<"^ which involve no 
element from the principal diagonal. Ci^~ must be one of 
those terms of the series which involve only a single element 
from the principal diagonal of A^"^ ; consequently 5(7iAi"~^^ 
will be the sum of all the terms that contain only one element 
from the principal diagonal of A^**\ Similarly, 'ZCz^'^^ will 
be the sum of all the .terms that contain only two of those 
elements. And, in general, 2C<Ai"~*^ will be the sum of all 
the terms containing i elements of the principal diagonal of 
^(n) Whence, 

A(»>=Ai"^+soiAr^^4-:sc2Ar^^4-2a,Ar''V---+2c,Ar'^ 
+...+2a_2Ar+a. 

It is to be noticed that A^^^ = ; i.e., there is a break in the 
series, — there being no term containing only n — 1 of the 
elements in the principal diagonal. 

Illustration : 



«1 Vl 2j 


= 


Vx 2i 


+ x. 


Zi 


+ 2/2 


% 


+ «3 


S/i 


«2 y% H 




X^ «2 




2/8 




a^O 




a^O 


^ 2/3 «8 




Xi Vs 
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48. Theorem. — If each consecutive pair of elements in the first 
roiv of a determinant A is taken with each pair of corresponding 
elements of the other consecutive rows to form determinants of 
the second degree <, and if these determinants of the second degree 
are used in order as the elements of a new determinant A', then 
A equals A' divided by the product of all the elements except the 
first and /os^ in the first row of A, 

We are to show that 



«! hi Ci . 
a, bi Co . 

«3 h ^3 . 


. ri I, 
. ^-3 h 


«« K fn ' 


. r^ h 





a., bo 




hi ('i 
62 ^2 


... 


''2 ^2 






^3 ^3 


61 Ci 

h <*3 


\rih 
. '3 '3 






«1 ^ 




bi c, 


... 







bii'idi,.. /'i 



calling the first determiuaut A, and the second A'. Multiplying 
the first column of A by — 61, and the second column by a,, 
and adding, there results 

-&iA = ; i^i c, ...ri h ;. 

I — a2^i-f-«i^2 ^2 ^2 ••• ^'2 h 
-a^bi-\-aib^ b^ Cj, ... r.^ I, 



h 

'3 

^a^bi-\-aih„ b,, c, ... r„ l„ , 
Now, multiplying the second column by — Cj, and the third 
column by 61, and adding, we have 



biCiA = 











— ag ^1 -f «i ^2 — ^2 Ci -h bi Co C.2 

— % 61 4- «i b.^ — ?>3 Ci 4- bi c. r.j 



...•2 /2 

.. r, I, 



/., 



I — cin bi-\-ai b„ — b„ Ci + bi c„ < 
Proceeding in a similar manner, we have, after (n—l) 
transformations , 

(-l)"--^6iCif?i.../iA 

= ... Zi'. 

— ag^i + ai^a — ^gCi + ^iCg — C2(^i + CiC^g--- — ''2^i + ^'i^2 ^2 1 
,— Oj^i + ai^s -ftgCi-f^Cg — CgdiH-CiC/s... —rg^i + rj?, /gj 

-a,,b,-\-nib, ^b^ci-j-bic,, — c„c?i-f qd^... -rji -f n^» ^n, 
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Now, applying 43, and dividing bv ( — l)"~^6iCidi ... ?i, 
we have 



A=' la, b,\\b,c,\...\r, h\ 
I |a, ?>,! |6, 0,1 ... |r, /gl 



-^ 6ic,rfi...ri, 



I !«! &«| 1^ ^«| -. ki ^. 

which establishes the proposition. 

49. Since by the preceding proposition any determinant of 
the ??th order may be reduced to one of the (?i— l)th order, we 
have another means of simplifying any given deteiminant. 
The proposition is especially advantageous in the reduction of 
determinants whose elements are given numbers. Thus : 



1 2 3 
3 2 1 


4 
4 


' G 


13 4 5 




5 4 3 2 




= 4 


2 


3 







-3 



-4 -4 8 

1 -1 -1 

-6 -6 -6 

= -24. 



= -4!-l 

I 1 

1 



Here we can mentally reduce the determinants of the second 
order obtained by combining the first pair of elements of the 
first row with the corresponding elements of the other rows, 
and obtain the elements of the first column of the new deter- 
minant, thus : lx2-3x2 = -4; 1x3-1x2 = 1; 1x4 
T- 5 X 2 = — 6. For the elements of the second column we 
have similarly : 2xl-2x3 = -4; 2x4-3x3 = -l; 
2x3 — 4x3 = — 6; and so on. 

Let the student apply the proposition to show that 



1 1 1 

1 1-fiC 1 

1 1 l+y 

1 1 1 



1 
1 

1 
l+« 



\ = xyz; also 



10 4 
4 2 
3 -1 

7 5 



17 
8 
8 
20 



124. 



Also apply the proposition to show that 

= 2188. 



5 11 

8 7 2 
3 1 4 

8 1 
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MISCELLANEOUS EXAMPLES. 



1. Find the value of 



2 4 3 1 4 3 
-4 2-3 2-1 2 

5_1 6 2-1 5 
1 1 1-2 -2 -2 
7-3-5 1 4 2 

3 12-123 


5 


also of 


12 22 14 17 
16-4 7 1 - 
10-3 -2 3 - 
7 12 8 i) 
11 2 4 -8 
24 6 G 3 


20 
-2 
-2 

11 

1 
4 


10 
15 
8 
6 
9 
22 




2. Expand the following : 






a? ... On 
— 1 X a^ x^,,. .T"-^a„_i 
0-1 ... a„_2 
-1 ... a„_3 


j 


ill 62 ... 
tta -61 63 ... 
Os —62 b^... 
a^ -63... 














6 ... aj 
... -1 Oo 




a,* 0.']!- 
«„^, 0... 





1 ^i+1 


3. Show that 






1000 ax+hy+gz 
1 7ix+ by +fz 
10 gx + fy +cz 
1 Ix + my-^nz 
X y z 1 k 




1 



X 




1 


y 




I 

z 


ax -^hy + gz + l 
hx-\-by+fz-\-m 
g^-\-fy + cz-\-n 
k 









4. "Write the complenaentaries of the following minors of 

la„ 61 02^8^4 /ah ^2641; K/il; \cod^eo\; IbiC^d^l; ^263/;!, 

5. What are the complementaries of 

I«i2 (hal and 1 6% a^s a^jl, in |a«i aig c(23 thi «« a^l? 



1+a 1 1 
1 1+b 1 
1 1 1+c 



6. Show that 








1 1 

1 1+cfc 
1 a+1 

1 6+1 b-\-a 
1 c-f-1 c+a 


1 
l-\-b 
a+b 



c-f6 


1 
l+c 
a-\-c 
64-c 




= 2^ 
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7. Prove that 



ai Os Og 04 

bi 62 &3 64 

Cj C2 Cg C4 

C^i ^2 (i) (^4 






'1 '2 ^8 '4 ••• ^i 



■ _ 1 ■ a, bi I I Ui 63 I f/, 64 ] . 
<^i'" «! c,| ,«! r.; l«i €4}. 
I a, d. I I ai ^3 1 1 «! c?4 1 . 



• I"l 


'>.r 


•1". 


«.I 


• 1«. 


<l 


•la. 


L[ 



8. Employing the notation 

fn\ _ n(w-l)(n-2) ... (n-r+1) 

show that 



1 



fx+y\ /x+y+l\ /x+y+-2\ ___ /x+2//-l\ 



3 y 

+y+2\ /a;+.v+3\ 



_ ^x+2y\ 



/x+2y+l\ 



^ /a;+y+2\ /x+y+3\ /x+y+i\ 

^ /x+2y\ /x+2y+l\ /x+2y+2\ 
Observe that ( ^. j-(^,,, )=(t-l } 



2^ / 

y 



= 1. 



y 



The Product of Two Determinants. 

50. If we note a determinant by A', and another by X, their 
product P is evidently expressed by 

K a I. 

L\ 

The form of this product suggests the probability that the 
product of two determinants may be expressed by writing the 
factors as complementary minors of a determinant of higher 
order, and filling in the vacant places due to one or both of 
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the factors with zeros. Suppose, for example, that K is of the 
third order, and L of the second ; then P would take the form : 



P = 







a4 ^4 
as ^5 



We now wish to discover if, when we fill in the vacant places 
due to JT or iy with zeros, and thus make P a determinant of 
the fifth order, P will still be the product of K and L, That 
this is the fact will be shown in the next article. 

SL. Theorem. — The product of two determinants, K and Z, 
of degree m and n, respectively, is a determinant P, of degree 
m 4- n, in which K and L are complementary minors, so situated 
that the principal diagonal of P is made up of the elements in 
order of the principal diagonals of K and L ; the vacant places 
in P, due to either K or L, are filed with zeros, and any mn 
finite elements occupy the remaining places. 



We have to show, for example, that 



KxL = 



% bi Ci 


X a4 ^4 74 


ag &2 C2 


as A 76 


% ^3 Cg 


06 ^6 76 



tti bi Ci 

^2 ^2 ^ 
% ^3 C3 







a^ 64 C4 

tts ^5 C5 
ae be Cfi 


a4 ^4 74 
f^5 P5 75 
oe Pa 76 



= p. 



(1) 



* Developing P in terms of the elements of the fourth column 
and their complementary minors, we have 



P = a4 ai 61 Ci 

02 62 C2 

Og 63 Cg 

^6 ^6 Cs Ps 7fi 



ttj tti 61 Ci +06 Qi bi Ci 



ttg 62 C2 

% ^3 C3 

«4 ^4 C4 ^4 74 

«6 ^6 Ce ^Se 70 



or 



^6 ^6 Ce ^6 76 

P = a4 Aa, — a^ Aag -f ao Aa, . 



ag ^2 ^2 

ttg &3 C3 

»4 ^4 C4 ^4 74 

C'S &5 C5 ^5 75 

(2) 
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But A., = fi. 


«i hi 

03 63 
ae ^6 


Ci 
C2O 
C3O 

^6 7tf 


-A «! ^ <-! 
Os 6a <^2 
03 63 C3 

1 «5 ^. ^5 75 






In the same manner, we may show that 


1^5 75 
^6 76 


A„,= K 


/34 74 

/36 76 


; also A„^ = K fi^ y^ 

A 75 


• 





Instituting these values in (2), we have 

since the second factor is obviously Z, expanded in terms of 
the elements of the first column. 

. The method of proof here given is perfectly general, and is 
applicable to determinants of any order. Thus, if in (1) we 
make y4 = y5 = 0, and 70=!, P takes the form considered 
in 50. The student can readily make the application. 
As another exercise, the student may show that 



■■-\aif2Csd4\x\e,begj\ 



A= ai Ci c7i /i 

ag C2 d2 Jl 

Us c^ ds /3 

«4 C4 d, /4 

65 65 r/, 

^6 c« (J, 

bj (^7 (jj 

What difference would it make in the result if the zeros in 
the fifth, sixth, and seventh rows of A were replaced by any 
finite elements? • 

52. Writing the product of | a^ 62 ^3 1 and | Xi ;y2 % | ? ^^ accord- 



= p, 



ance with 51, 










«i bi Ci- 


-1 







ttg 62 ^2 


0-1 







as bs C3 


' - 


-1 







«1 2/1 


^1 







^2 y-i 


Z2 







^'3 2/3 


^3 
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we have, b}^ 37, 



P = 









aiXi + asyi + asZi 

ai«2-f 022/2 + ^3^2 

«iaJ3 + 022/3 -fag ^3 



which, by 43, 









h\Xi-\-b2yi + bzZi 

-1 
{) - 



CiXi + Czyi-hc^Zi 0^1 

010^ + 022/2 + ^322 ^2 

CiX^-hC2ys-\-(^z^ X 



1, 

1 I 
- 1 ' 

yi h 
y-i ^ 

2/3 «3 



ai«i + «2.yi + «32;i 

aia?2 + 022/2 + ^3 2^2 
aiX^-\-a2y^-\-a^z^ 



biX2-hb2y2 + bsZ2 
h^3-\-hys-\-h^3 



CiaJi + C22/i + C32i 

C1X2 + C22/2 + Cg^Jj 
Cia;3 + C22/3 + C828 



This result expresses the product of two determinants of the 
third order as a determinant of the same order. We are thus 
led to infer that the product of two determinants of any order 
may be expressed at once as a determinant of the same order. 

We now proceed to establish this important multiplication 
theorem. 

53. Theorem. — The 2>rodact of two determinants^ A, A' 
of the nth order is a determinant A" of the same order. Any 
element ar^ of ^" is obtained by midtiplying each element of the 
Hh row of ^ by the corresponding element of the sth roio of^\ 
and adding the products.* 

Before giving the general demonstration, it will be useful to 
establish the proposition for the product of two determinants 
of the third order, and note carefully the form of the result. 

* Forming the product by columns, the statement is, of course : The 
element in the i-th column and sth row of a'^ is obtained by multiplying 
each element in the rth column of A by the corresponding element in the 
5th column of a', and adding the products. 
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Put A ~ 



(«i bi Ci 

(Zj &2 ^ 
«3 ^8 Cs 



and A' i 



f^i Pi y\ 
I a, ^j ya 



Ai)plying the theorem, we have to show that 

AA'=:A"= aiai4-6i)3iH-Ciyi aiOa+ftiyga+Ciyz aiOs+^iA+Ciys 
ajaiH-ftj^gi-f-Cayi a2a2H-&2^2H-C2y2 a2a8+&2ft-hC2y8 
.asai+^sA+Cayi (''sfh-hbsPz+Csyi (hfh-^hPs-^<^yz 

Since each element of A" is a trinomial, the determinant may 
be decomposed into twenty-seven determinants (35), the ele- 
ments of which will be monomials. But of these twenty-seven 
determinants only six do not vanish.* Those determinants 
which do not vanish are formed by taking for the first Column 
a set of first terms from the first column of A", for the second 
column a set of second terms from the second column of A", 
for the third column a set of third terms from the third column ; 
or, by taking a set of second terms from the first column of A", 
a set of first terms from the second column of A", and a set of 
third terms from the third column of A" ; and so on. That is 
to say, exactly as many non-vanishing determinants can be 
formed from A" as there are permutations of the numbers 1,2, 
3, ^.e., 6. Hence 



A"=| 






Ciya 

^278 

C373 



4- I &i^i Ciy2 ttittg 

] ^2^ C272 (h^a 
. hPi Caya a^a^ 



+ 



+ 



ttitti Ciyo biPs 

^201 C2y2 biPs 

^stti C372 hPa 

Ciyi bi32 «1«3 

Cayi 62 A «2«3 

Csyi &3A «3a3 



biPi aittg Ciys 
biPi Ogaj Cays 
hPi <h^2 Csys 



+ 



Ciyi ttittj bips 
Cgyi Oaog biPs 
Cgyi Ogaa 63^3 

= aiAya («i^2C3) - aii33y2 (Oi^gCg) — a^Piy^ (ai^Cs) 

+ asAya (UihCs) — tta^gyi (^1^2C3) + ag^syi (ai^gCs) 

(by 30 and 31) 

* It is obvious that the determinants formed from sets of first terms 
taken from the three columns of A", or those containing sets of first terms 
from two columns, etc., must vanish. Similarly for determinants fortned 
from sets of second terms, and so on. 
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= (ai^2p3) [ai/?273-f ctgftyi-f oaftys— aaftyi— ^2^73 — aift72] 

= (ai^2C3)(aifty3), 

which establishes the proposition for the special case under 
consideration. 



genera] 


[, let 

^2 ^2 ^'i ' 




and A' = 


tti ft 71 • 
^2 ft 72 • 
03 ft 7-5 • 


.. A3 




^nK Cn . 


.. /„ 


ttn ft Yh • 


.. K 



Then the product AA' = A" 

«iai + ^ft + Oiyi 4- ... 4- ^1 Ai 
agtti -f 62ft + C2yi H- . . . H- ^2^.1 
%«! + &3ft + ^371 4- . • • -f ^3^1 

anai4- KPi + c„yi+ . . . + /„Ai 



aia2H-6ift-f CiygH-..- 4-^1^2 
a2a2 4- &2ft 4- C2y2 + • •• 4- ^2^-2 

«3a2 -f ^sft + C372 + ••• 4- h^2 

^nO-2 + &nft 4- Cn72 + . • • 4" ?„ 2 



«ia„4- &i/?„+ Ciy„4- ... 4- ^iA„ 

«2an+ 2>2ft.4- C2y„4- ... 4- ?2A^n 

«3a» + ^sfti -f Csy^ 4- . . . + ^3^i 
«««« + &«i3„ + C„y,, + . . . 4- ^.A„ 



Now, A" may be decomposed into a sum of rC' determinants, 
the elements of which *are monomials. But it is obvious that 
all those determinants whose columns are formed from sets of 
first terms of the columns of A", or from sets of second terms, 
etc., will vanish, as each will contain identical columns. In 
fact, all those determinants into which A" is decomposed will 
vanish that have not the first column formed from a set of A:th 
terms from the first column of A", the second column formed 
from a set of rth terms from the second column of A", the 
third column formed from a set of rth terms from the third 
column of A", and so on. Now, as many such non-vanishing 
determinants can be formed as there are permutations of the 
numbers 1, 2, 3 ... w ; that is, n ! Hence, A" is decomposable 
into n ! determinants, of which the following A^ is the type : 
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Ar = b^fii h^ ajOa ... Ciy„ 

\biPi /jAj 0303 ... Cjy^ 

^sPi h^2 «3a3 ... c^yn 

KPi KKi a»a3 ... ^'nyH 

But Ar = /3iX2a3"-. yn \b1l2a3,., C,J. 

Now, the determinant factor of Ar is evidently A multiplied 
by the sign-factor ( — 1)'', in which j) is the number of inter- 
changes of two columns which must be made in A to leave its 
columns in the order which they have in Ar. Accordingly, 
Ar = (-l)''/3iA,a8...y»A. But {-iyPi\2(h"'yn is a term of 
A', since the number of interchanges of two letters which must 
be made in ai)92y3...X« to obtain the arrangement here given 
is p. Accordingly, Ar equals a term of A' multiplied by A. 
Thus each of the n\ determinants into which A" has been 
decomposed is the product of A, and a term of A'. .-. A"= AA'. 



Illustrations : 



12 3 


X 1 1 


= 


1110 


3 2 11 




3 2 1 


10 1 




12 


2 110 





0-1-2+0+0 3+4+0+3 

0+1+1+0 3+2+1+0 

0+0+2+0 9+0+2+1 

0+0+1+0 0+0+1+2 



1+0+0+3 2+2+0+0 

1+0+0+0 2+1+1+0 

3+0+0+1 6+0+2+0 

0+0+0+2 0+0+1+0 



2 10 4 4 


=4 


15 2 2 


2 6 14 




2 6 14 


2 12 4 8 




16 2 4 


13 2 1 




13 2 1 



1 |x 



1 a a 



b p 



10 


= 


1 a a 




10 6^ 




1 C y 





1 1 1 

1 cr + a- ab + a)8 ac + ay 
1 ab-haP y' + p' bc-\-fiy 
1 ac + ay 6c + ^y C^ + y* 



54. Since, before multiplying two determinants together, we 
may change the form of one or both factors, the product of two 
determinants can be expressed in a variety of different forms. 
As an illustration, the student may verify the following equa- 
tions : 
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Oo 6., 



,' «! ft j = 1 «!«! + &ift aios -f 6ift 

I 02 ft I I «2ai -f 62ft <^'2«2 4- &2ft 



= jaiai + r/2^i 

I ^iai4-62ft 

= I a, tti -f- ^1 ^2 

I f'2«l + ^2°^ 

= ! fh<*i4- ct2a2 
1 6iai-f-62«2 



•ft I 

aios-j-asftl 

^lOg-f &2ftl 

«ift + ^ft| 

«2ft -f 62ft I 

aift + ajft! 
61ft + 6. ft I 



EXAMPLES. 
1. Show that one form of the product of 

a2_a6-h62 b^ b^^bc-^c" 



1 aa^ 


X 


a^-a 1 


IS 


1 b 6* 




**~6 1 




1 c c^ 




(^-C 1 





2. One form of the product of 



a+6 c c 
a 6+c a 
b b c-^a 



X'tt+ft-fic -|a 



~i& I is 









3. Find the product of 



a a a a 


and 


abbb 




a b c c 




abed 


1 



-110 
0-1 1 
0-1 1 

1 1 1-1 



and 



thence show that the first determinant = a (b—a) {c-'b)(d—c). 
4. Show that 



—a bed 
b —a d c 
c d —a b 
deb —a 

6-|-c-f-d— a 
b—a+d-\-c 

d+c+b—a 



1111 
-1-1 1 1 
-1 1-1 1 
-1 1 1-1 



a— 6+c+rf 
-b+a-\-d-\-e 
-c—d—a-^-b 
'd—e'\-b—a 



a-^-b—e-^-d 

— b—a—d+c 
—c+d+a+b 

— d-\-e—b — a 



a+b+e—d 
— 6— r/-|-d— c 
— c-f d— a— 6 
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= (6+c+fi-a) (c+d+a-^b) (d+a+6-c) (a+&+c— d) 

1 1 1 1 ', 
I 1-1-1 
1-1 1 -1 : 
,1-1-1 1 . 

and thence show that the first determinant 

= — (6+c+d-a)(c+dH-a-«^)((7-frt4-^>-0(«+^+c— ^)- 

5. Show that 



1 a^-f a^ -2a -2a' 
1 h'^fi' -2b -2y8 

1 c^+y^ _2f -2y| 
I rf2^ga _2f/ -28 I 





a^-f a- 1 
&^+)S^ 1 
c^-f/ 1 

^^2+62 1 



a a 

b p 

d I 



{(t-by-{-{a 

I(«-c)2 + (a-y)2 (6-cr+(^-y)2 
(a - cZ)2 4- (a - 8)2 (6 -(i)2 + (/?- 8)2 

(a-c)2-f(a-y)2 
(/;_c)2-f(^-y)2 


(r-d)^-f(y-8)2 



(a-cZ)2-f (a-8)2 

(&-d)2 + (^-8)2 

(c-(?)2-f(y-8)2 





G. Show that 
X 



ch &i Ci 1 ; 

a2 ^2 ^2 1 

rtg hi C3 1 , 
1110 



1 A'l ' 

1 A\, 

1 A', ' 

1 i 



1 














1 














1 





h 


lu 


h 


1 



equals the determinant in Example 12, page 38. 
7. Find the two determinant factors of 



cfi Mi+Ci2/i &i^2+Ci3/2 ; also of 
ag 62^1+^2^1 &2^2-l-C22/2 
ag M1+C32/1 &A+C32/2 
8. Form the product of 



0^2 &2 I 



axi-\-cZi 
ax.2+by2-hcz2 

and 



fxi'\-gzj, 

dys gzs 



^2 P2 72 

as ^3 73 
The order of the first determinant may be raised to that of 



the second bv writing it 



ai bi 


Ci 


(h h 


C2 





1 



and the product can then 
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be found in the usual way. If we wish the product to contain 
only the elements found in the two factors, how should the first 
determinant be written? 

From this example it is evident that the product of any num- 
ber of determinants of different degrees can be expressed as a 
determinant of the nth degree, n being the highest degree among 
the factors, 

9. Employing the notation / = V— 1, show that the product x)f 

a-\-ib c-^- id j and I aj — ib^ o, — id^ 
\ —Ci — idi ((i-^ibi 

B-iA\, 

jj-hiel 



— c-^id 
may be written 



a — ib \ 

D-'iC 
-B-iA 
in which 

^ = &Ci — biC + adi — a^d 

B = cai — Cia -j- bdi — bid 



C = abi — afi -f- cdi — Cid 
D = aai + bbi + cci -f- ddi ; 



and thence show that the product of tioo sums, each of four 
squares, is itself the sum of four squares, (Euler's Theorem.) 

10. Show (1) that the product of I ai 62 ^3 i and |i>i5'2^3i may 
be expressed as a determinant of the fourth order by writing 



the two factors 



ttj bi Ci 

^2 &2 C2 

«3 ^3 Cg 

1 



and — 2h Qi 7\ 
P2 92 r2 
Ps Qs rg 
10 



respectively. 



(2) By writing the two factors 

tti bi Ci and Pi qi r^ 

Oa &2 C2 i?2 ^2 ^2 

Og 63 Cg Ps qs rg 

00010 loiooo 

00001 100100 
show that the product is a determinant of the fifth order. 

(3) By wi'iting the two factors 



I Oi &i Ci 

a^ b2 C2 

03 63 Cg 

10 

10 

1 



and 



1 














1 








10 











Opi 


Qi 


ri 





i)2 52 


^2 





Pg ^3 


^'s 
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8how that the product is a determinant of the sixth order. 
This example, and the theorems of 51 and 53, show that the 
product of two determinants of the nth order can he expressed as 
a determinant of each of the follmcing orders: nth, (^n + l)th, 
(n-\'2)th'" {2n-'l)th, 2nth, 

55. Theorem. — Any d^ierminani A may he expanded as a 
sum of products of pairs of minors. The first factor of each 
product is a minor of the rth degree ^ formed from a set of r 
chosen rows, and the other factor is the complementary minor of 
the first fa/itor. The sign of a j)rodv4:t is -\- or —, according as 
the product of the principal terms of the factors regarded as a 
term of A is + or — .* 

Every term of A contains r elements from the columns of a 
set of r columns found in the n columns and first r rows of A. 
That is to say, from every minor of the rth degree formed from 
the first r rows, r I partial terms of A can be formed. Now, 
the remaining (n—r) elements of every such partial term will 
be found in the remaining rows and columns after removing 
one of these minors of the rth degree. Or, in other words, 
(n— r) ! partial terms of A corresponding to the r! other par- 
tial terms are found in every minor complementary to one of 

n ' 

the first set. — ; — '- minors of the rth degree can be formed 

rl^n'-r)] ^ 

from the first r rows. Now, the product of two such comple- 
mentary minors gives r ! {n—7') I terms of A ; consequently, the 
sum of all the products gives n I terms, i,e., the full number of 
terms in A. 

To fix the sign of any product in this expansion, we have 
only to remember that its sign must be the same as the sign of 
the product of the principal terms of the two minors. This 
latter product being a term of A, the sign of the product of the 
two minors must be the sign of the product of their principal 
terms, regarded as a term of A. 

If the selected rows are not the first r rows, we can easily 
make them so ; then, after giving A the proper sign factor, the 
demonstration applies as given. 

* This expansion is known as Laplace's Theorem. 
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Illustrations : 

Selecting the first two rows in Icii b.j c^ 0/4 1 , we have 

1% h Cg d^\ = ki 62I IC3 (h\ — l«i C2I 1^3 ^4! + l«i (kl \h ^4! 
+ 1 &i C2I \aM — I ^1 ^^2! \<h C4I + 1 Ci f?2l |a3^4l • 
Let the student select the first two columns of lai biC^di], and 
expand, obtaining 

laM \csd^\ — I0163I \c2di\ -\-\aM l^i'^sl + l«'2 h\ l^M 
'-\a2h\\cid3\ -\-\aM IC]C?2l- 
Show that 

l«A<?3^4«5l = — l<^'2^4l \c\dser,\ + \a.jc\\ 161^365! — ^2^4! l^iCgeJ 

— |?>2^4l \(ii<^'A\-\-\c2di\ laib^e^l + lcoe^l la-ih^dsl 

— \d2e^\ loib^cj. 

What is the relation of 41 to the present theorem ? 

56. It will be interesting to note what results, if, instead of 
multiplying the minors of the rth degree formed from r chosen 
lines by their complementaries, as in the last article, We mul- 
tiply every such minor by the complementary of a corresponding 
minor formed from r lines different from those first chosen. 
By the preceding article 
laibiC^dipJ 

= laM 103^465! 7- ki^yl Ic^d^e^l-^-laM IcgcZg^^l — ki^^.J |c2C?3e4l 

+ 102^3! Icid^e^l — la^b^l IcidsC^l 4- l«2^.>l I^'i^3e4l 4- l«3&4l Icid^e^l 

— laM 101^264! 4-1 CI4&5I 101^263!. 

Now, if in the above we write c for &, it is evident that the 
determinant on the left vanishes, and hence the second mem- 
ber vanishes ; but by this substitution we multiply the minors 
formed from the first and third columns of \aib2Csd4e5\ by the 
complementaries of the corresponding minors formed from the 
first and second columns. It is obvious that the truth here 
exemplified holds in general. Moreover, it includes the special 
case of 45. 
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In symbols, the expansion of a determinant by 55 is expressed 
])y writing A = 2 | a, 6, 1 Aa^, *„ 

where the chosen columns are two in number, or 

A= 2 I flj, 6,Cr I Aap,6j,cr, 

where the chosen columns are three in number ; and so on. 

Employing the notation of double subscripts, we have, iu 
general, 

57. Theorem. — The product of a determinant A = |ai„|, and 
any one of its minors M, of order m, is a determinant A' of 
order n + m. A' t« expressible as the sum of products of pairs 
of minors of A; the first factor of each product is a minor of A, 
formed from r chosen rows containing 3f, ayid the second factor 
is that minor of A containing the complementary of the first 
factor and the minor M, The sign of each product is determined 
as in 55. 

Let the chosen rows referred to in the statement of the 
theorem be the first r ; then, by 51, we have at once 
A' = 

„. ... 



Cti2 '*'<hk-l ^^ik •.•<fclr-l ^hr 



a^l a^ •••^rt-l 



-*lr-|-l 
...02,. I ^2^ ^2,.+! 



..O,,, 



^'r-lk' ' '^r-1 j-1 ^r-lr 
^rk '"(^rr-l ^rr 



H r+1 







^'r-lr+l*"^r-ln ^ •• 














^*r+l 1 Ctr+12* • • ^r+1 ft - 1 ^r-j-U • ' ' ^r+1 r-1 ^r+lr ^r+1 r+1 • • • ^r+l« <^r+l* • • • ^r+1 r- 1 ^r+lr 



««1 


««2 


•'(^nk-l 


<-fnk 


••W.r-l 


Ctnr 


<^nr- 








.. 


, 


.. 














.. 





.. 














.. 





.. 














.. 





.. 









.. 
.. 



•••Ct„r-1 Clfi 



O^ii 



^A+1 * • • • ^*+l r-1 ^*+lr 

^r-1*' • '^r-lr-l^^r-lr 
«r* ...arr-J «„ 
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where the minor by which A is multiplied is enclosed. Further, 
observe that the w — ?• rows of A not included in the chosen 
rows are prolonged in A' with the elements of these same rows 
repeated in order of the columns beginning with the kth. Now 
add the A:th row of A' to the (n-|-l)th, the (A;-|-l)th row to 
the (n + 2)th, and so on, finally adding the rth row to the' last. 
Afterward subtract the (n-f-l)th column of A' from the A:th, 
the (n4-2)th column from the (A;H-l)th, and so on, finally 
subtracting the last column from the ?'th. Then 



A' = 



an ai2 • 


••ai*-i 


Oai 022 • 


..02*-! 


ttti a^g • 


••«**-! 


^k+ll^k+12' 


"^k+lk-1 



...a.2,._l a 2,. Ctor+l "'(^hn ^ 



Hr+l 






«** . 


..«*r-l 0,r 


a*+ii- 


"^k+lr-l^h+lr 


«,-i*. 


..a,_i, _!«,_!,. 


a,, . 


..a,,_i arr 



^k+ll^k+l'2"*^k+lk 1 



<*r-ll<*»— 12'"ar_iA._i 



a*+i,+l***^'*-l« ^^ 



-I« 








a,! 0^2 







0^,4., ...a, 

CI;r-\-\,rl'"f^r+ln ^r+lk 



a,.,,i ...a,.,. 











. ' 
. 



.«*r-l 



a*. 



'«H-l/--l'^*+lr 



By 55 A' can be decomposed into products of pairs of minors, 
viz., the minors of the rth order formed from the first r rows 
and their complementaries. Since the elements in the columns 
of A' directly below M are zeros, all the minors of the 7*th 
order, formed from the first r rows, will have complementaries 
that vanish unless the said minors contain the given minor M. 
Hence the first factors of the products in the expansion of A' 
will all be minors of A, of the rth order, that contain the given 
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l«l^a<^3^4^.'JU>2<':il = 



= 1^162031 1(^46562^3! 

— 16102^31^46562^31 

— \biC2€s\\a^dsb2Cs\ ; 



minor. Further, each complementary of such a factor is made 
up of the n-^r rows of A not found in the first factor and the 
r — /c + l rows in which 3/ is found. Which proves the 

theorem. 

«i ^1 ^1 (^i ^1 
02 62 ^2 ^2 ^2 

(^ 63 ^^ /?3 63 

(i^ 64 C4 d^ 64 64 C4 

^5 b,^ c, d, 65 65 c, 

62 ^-^ 

63 c, 

ki 6203^4^^1 I62C3C?4l = |ai62C3C«4l ^562^3^^41 + l6iC2C?3^4l \aib2<^d^\. 
The student may show (change the rows into columns before 
applying the theorem) 

10,6263^4^51 I63C4I = |ai 6203^/41 16304651 — la, 6304^51 16304621 

4-1026364^511630461! ; 
1016203^4651^2 

= loida^al l«4&i^^2l — 1016/264] 10.363^21 -f lcid,65l 10364^21 
H- 102^364! 10165(41 — 102(^651 10164^2! 4- 102^465! 10163^2! , 

= — k^62l |O36405(?2l +1^2^31 I «! 64 Or, rfg I — I C^2 ^4 1 !«! 6305(^1 

+ 1^205! I«l 6304^2!, 



The second illustration given is especially interesting as it 
shows the form of the product when the minor is of order n — 2. 
In that case the chosen rows are n — 1 in number, and the 
development consists only of two terms, each term being the 
product of two determinants of the (w — l)th order. If we 
change the order of rows and columns in the result, we have 

I Oi 6., 03^/4 6,, 1 16003(7^ = |0i6,,C3f74l I6203C7465I — 16102^364! 1026304^5!, 
or A Aa„P,= Af', Art, — Aa, A<., ; 

and, in general. 



A An,.;t, fijyi = Ao 



Art,,. — Art 



Employing an obvious extension of the notation described in 
the latter part of 39, the last formula becomes 
^ cZ^A ^ dA dA dA dA 

dCL, 



dciiu da^, 



da„ 



diu^ da^^ 
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Rectanerular Arrays or Matrices. 

58. As a determinant is a function of n^ quantities, the 
elements are always found in a square array. It is often 
necessary to consider the determinant obtained by applying the 
process of S3 to two rectangular arrays of elements, i.e., arrays 
in which the number of rows is not equal to the number of 
columns. We will now investigate the value of this product. 

1st. When the number of columns exceeds the number of 
rows: 

The product of two arrays (inatrices) of elements in which the 
number of columns (m) eocceeds the number of rows (n), is a 
determinant which is equal to the sum of all the products in which 
the first factor is a determinant of the nth order formed from the 
first array (matrix) , and the second foA^tor is the corresponding 
determinant of the nth order formed from the other array 
(matrix) . Let the two arrays of elements be 

ail «12 ••• ^in ••• «i«i 1 ail ^12 ••• ai,j ... ai„ ^ 

Osi 022 ••• «2» ••• f-hm I g^jj^ a21 022 ••• ^hn '" ^Hm \ ^^ ^ ^^^^ 



•J' 



««1 ««2 ••• «UH ••• ««m J Ctnl an2 ••• Onn ••• ««, 

Applying the process of 53, we have the determinant 

A = 
an ttjiH hCliffl-hA l-^iw ai„ On ogiH hai„a2„ 

OattllH hOanttinH \r0.2m0.l„, (h\.0<a.-\ \'(^2nO^ 

^nlttllH |-0„„aj„H VdnmO-lm «nia21 H ^O^in^n 

H |-«l«a2m ••• ^llClnlH haiwOnnH \-<^lm0^m 

H \-(l^fhm '" ^21<»nlH ^^nO'HH + **"^<^2mOjim 

H |-a„„a2« ••• ««ianlH |-anna«nH \'CtnmO,nm 

Now we may form from A a number of determinants A^, Aj, A3 ••• 
of the nth order, the elements of which are all polynomials con- 
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ftLstiDg of n terms each. The namber of soch determinants is, 

of course, — f ^ — — Let ns consider 

one of tlit'se detenuiuants ; take, for example A}, whose columns 
are formed from the first n terms in the colunms of A. We 
have, accordinjrlv. 



A, = anQn-fai. 


!aif+-- 


•+*/„ 


,au 








Oflaij+a*. 


:a„-»— 


•+«2-ai. 








^'.lan + f'.: 


,a,,-|-.. 


•+^'- 


N«U 








'' 11041 + «12«-!+ • 


••+«,, 


«-.. •• 


• t'll 


a„+au 


a..+ - 


-+01.0,, 


^21«fl + «S«S+* 


••+ci^ 


Os- • 


. */.! 


o-i-J-Oa 


«,.+ - 


'•+«a.a». 



Now Ai is, by 53, the product of two factors, the first of which 
is the determinant formed from the first n columns of the first 
array of elements, and the second is the determinant formed 
from the corresponding n columns of the second array. In a 
similar manner we may show that each of the determinants 
Ai, A2, As-** is the product of two factors, each factor being a 
determinant formed from n corresponding columns of the two 
given arrays. Then in order to establish the proposition it 

remains to be shown that A = Ai -|- A, -|- A3 H . Each of the 

determinants Aj, Ag, As**- can be decomposed into n! non- 
vanishing determinants whose elements are monomials. Ac- 
cordingly the sum A, + A, -f- A3-I — will contain 
7n(ni—l) (m — 2) ••• (m — w -|- 1) 
non-vanishing detei-minants whose elements are monomials. 
Returning to A, we see that it can obviously be decomposed 
into m*" monomial element determinants; but those which do 
not vanish are only m(m— l)(m— 2)*--(m — n-f-1) in number. 
Now observing that each one of these monomial element deter- 
minants is a part of that one in the series Ai, Aj, Ag-** in which 
its columns occur as parts of columns, the proposition is estab- 
lished. 
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Illustration : 

Performing the operation of 53 upon 

«i ^1 Ci di \ ^^^ ai Pi yi 6i I 
Ct2 ^2 ^2 C^ j as ft 72 ^2 ) ' 

we obtain the determinant 

laitti H- hPi + Ciyi 4- d^^i aiog + 6ift-f Ciyg -h ciiSg I. 

lastti -f- ^2^1 + ^271 + <^2Sl ^2^2 + ^2^ 4-^2 72 4" <^2S2 ' 

This determinant the student can readily show is equal to 

(«i&2) («i A) + (OiCj) (aiys) -f («i<^2) (ai^z) 
+ (&1C2) (ft 72) + (&id,) (ft 82) + (CiC?2) (7162) . 

2d, When the number of rows exceeds the number of columns. 
Consider the two arrays. 

«! 61") ai ft] 

a2 &2 f aiicl a2 ft /- • 

«« ^s) ^3 ft; 

Multiplying as before, we have 

A= ttitti + feift aiaaH-^ift aia3 + 6ift=0. 

ttg tti 4- ^2 i^l «2 ^2 4- ^2 ft' ^2 ^3 4- ^2 ft 
a3ai4-&8ft «3a2 4-&3ft «3«3 4-&3ft 

The value of A is readily seen to be zero when we notice that 
it can be obtained by multiplying two determinants formed from 
the two given arrays by prefixing a column of zeros to each. The 
method of proof employed in this special case is general. It is 
only necessary to add to each array as many columns of zeros as 
are necessary to make each array square, and then compare the 
product of the two determinants thus formed with the deter- 
minant formed by compounding the two matrices. 

Reciprocal Determinants.'* 

59. If tlie principal minors of the elements of a determinant 
are themselves made the corresponding elements of another 

* Reciprocal determinants would more properly be considered in the 
next chapter since they are among the " special forms," but for several 
reasons it is thought best to introduce them here. 



Digitized by 



Google 



iii 



THEORY OF DETERMINANTS. 



determmaut, the determinant thus formed is called the reciprocal 
or adjugate determinant. Or, in other words, the elements of 
the reciprocal determinant are the complementary minors of the 
corresponding elements in the original determinant. 

The reciprocal of (((i h. c.j) is 

Assimilating the notation of 19, we have 

\A,B,C,...L,X \A„X orlJu^U-l33..-l«Hl, 
for the determinant adjugate to 

I ^'i h (',i ••• ^« !? I (hu I or 1 (^u tto,, a,,, ... a„,J, 
respectively. 

If the minus signs in the first illustration are erased, what is 
the effect upon the determinant? How is it in general? 

60. Theorem. — The determinant A' adjugate to any deter- 
minant A of the nth degree^ equals the {n — l)th poiver of A. 

AVe have, for example, 

A, B, C\ . 
A. B, a 

A, B, C, 

. A'=A2 



The process here exemplified is perfectly general, hence the 
proposition. 

61. Theorem. — Any minor of the kth degree of the reciprocal 
determihant A' is equal to the complementaiy of the corresponding 
minor in the original determinant A mrdtiplied by the (^' — \)th 
power of A, 

Let A = I ai4 1, and A'= | ^1,^1 . 



A = 


a, 6, c, 
as bo c 


, ami A' = 


Whence 


AA' = 


A 
A 

A 


= A-\ 
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Transform A and A' so that the minors | a^ a-^ ^44 1 and 
I An A32 An I occupy the first three rows and columns in their 
respective determinants. Then 



Cl^l (XjO Clu C(j;> 9 

(i,ii a^ «..j4 aoo 

1^41 a^^ (144 ti^J 



\^'ii %2 ^ki ^^ 



2:{| 



and A'=(-l)'^ 



Then 



^1,1 A^.> .In A-, 
A-ii A^ A.^ 
A,, A,, A^ 



A,, 
A,., 



A., 



A.,, A,^ Ar, 



An A..^ .'1„1=(-1)'*.1„ .I„ J„ .1,,. 

.in A.^ A:^ A:,.. 
[Ail A^^ A^i ^14.. 







1 



Multiplying, 






«!;•. 





«a3 


A 


«*) 





«23 



= a.j;^ A^', 



A\An A,, A^\= jA 

A 
p 

|o 

Whence 1^11^32^44 1 = aggA^, which is the required value of a 
first minor of A'. 

To find the value of a second minor of A' we may proceed as 
follows : 

The minor 



\A.2o A-. 



:{^iy 



^22 -1., -1.1 A, 

A,y, A,,, A.,i A. 



and the corresponding form of A is 



1 (hi [. 

\a^2 (^33 %l ^34 I 

ai2 ai3 ttii «i4 I 

a^ ((43 a4i tt44i 
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As before, 

10 Ou <hA 
|0 a^ a^ 

Whence, [u^a Asi\= [oh a^^\A. 

The student may put 

A = [ai 62 Cg d4 1 and A' = i^, ^ Q, A |i 

and then show that 

\B, C, Ai=«,A=-'; 

1^1 A|=|&2C8|A. 

The general theorem, of which the preceding are special cases, 
is proved as follows : 

Let A=|ai,|andA'= \A,^l 

and let the minor of the Tcth order of A' whose value is sought be 



^^*=\Ap^q^ Ap^q,, Ap^tj.^ 



A 



Pl9k 



\Ap^qy Ap^q^ Ap^q.^ ... Ap^q^ 



\A 



Pk^i ^Pkffi ^PkQ:^ ••• ^Pk<ik 





Now putting 






fi=Pi-^p2 + *-+Pk-\-gi + g2-\ h^ft, 




we may write 




A=(-ir 






^PifJi ••• ^iQk "Pii ••• ^^PiQi-i «i>,(?i+i ••• ^Piqt-1 ^1^2+1 • 


.. ap,n 


• 




^Pi^i ••• ^2Qk ^P>i '" <^'/?27i-l ^Pi<li'^ ••• ^'1^.7.-1 ^Pi<I>-l • 


.. ap,„ 






^k9i '" ^PkSk ^Pk^'" ^Pk9i-l^PkSi^i '" ^Pk9i-l ^*92+l • 


•«/>»« 






ciigi ... aiq^ rtii ... aigr^-i aigrj+i ... aiq,-\ aiq,+i . 


. «1» 






02^1 ... Cloq.. «21 ... ao^i-l Oo^i+l ... Cloq.-l (Hq^+l • 


. «2« 






««<?! ... Unqj^ a,ii ... an<yj-l anq^+l ... ttng,-! (tn^y^+l " 


. ann 





* In this determinant the subscripts ;?,, p,, p^, ... 7,, gj, ^g, ... of course 
stand for any integers in order of magnitude. 
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The corresponding form of A* is 

A. = (-!)" 



-4pi9i • • • ^PiQk ^Pi^ ' • • ^PiQi-l A 



-4p»^i • • • ^Pi9k ^P^ ' 



^Pk9i • 

. 

. 

. 

. 

. 

. 



.01. 

.00. 










^PiQi-l ^PiQi+l 
, Ap^q^-1 Ap^q^+i 

'Apj^q^-lAp^q^+l 
. 

. 





1 







..A 



ip^q^l ^p^q^+l 



4^2^2-1 Ap^q^+i . . . ^p^n 









...4 
...4 

...A 



Pin 






1 









1 



I 




i 









We notice that this form of A^ is just the same as if it h?.d 
been derived from A' by making the i>ith, i>2th, •••^^th rows of 
A' the 1st, 2d, ••• Ath rows, making the same changes in the places 
of the gith, ^jth, ... q^th columns, and then putting 1 for each 
remaining element of the principal diagonal, and for every 
other element of the n — k rows of which A^ is not a part. 

Multiplying, we have 

AA, 



=!a 

















Clp^i ... ap^q^^i ap^q^+i 

«p,t ... Op^q^-l fV27i+l 



A Op^i,,, ap^q^-i «pfctfrrl 

Oil ... a-iq^-i aigj+1 

Cf^l ... Cl2q^-l Ctoq^-A 



anl ... C^y1q^-l Ctnq^+l 



ill 






.. aiqr^-i aiq^+i ... Gin 
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Now tills determinant is at once expressible as the product 
of two determinate factors, and we have 

A A^ = A* times the complementary of the mhior of A corre- 
sponding to A^. in A'. 

Whence 

A;t = A*~* times the complementary of the minor of A corre- 
sponding to \f, ofA\ 
as was to be shown. 

62. From the preceding article it follows at once that if 
A = 0, then 

= ...=0; 





-111 -ll2 
^21 ^l22 


= 


■^31 Ah = 

Ail -4,„j 


All A'2 

Al ^32 


I.e., in gei 


leral 




whence 


Ak Ae 

A^rc A'' 


= 0, 




or 


A,,:A,.^ 


= 







That is to sa}' : 

If A = 0, the cofoictors of the elements of any row are propor- 
tional to the cof actors of the con*esponding elements of any other 
roiv. 

From the preceding article we have also 



Ail, Ai^ I = A X complementary minor of 

A,, I, A.^\ 






which may be written 



d^A . 
' da^^da^^ ' 



whence . cPA _ cZA dA^^dA_ dA 

daiifiiap^ da»it dcipe d%k dais 
which is the formula ah-eady obtained in 57. 



dA 


dA 
da,^ 


dA 


dA 
dap. 
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1 . Show that 




EXAMPLES. 



also 



«2 










b2 







02 













.Vi 





&4 






?/2 




?/l 











x.^ 











= -^i\^\y2^s\ |2/i2=2|; 



= |ai&4| k'2&r.| las^ol- 



2. 



Show that 
a. 






&2 

bs 



ftj 








<•» 








<-,^, 


A 


A 


CiBi 


B, 


Bs 


CiC'i 


Cj 


Os 



= \AiB2C:,\ \aib.2C^\. 



3. If A is a determinant of the nth order, having n — m zero 
elements in the corresponding places of m rows, then A is the 
product of that minor whose elements are the other elements of 
the m rows and its complementary ; the sign of the product is 
determined as in 55. 

4. If any determinant of the nth order has more than (n — m) 
zero elements in the corresponding places of m rows, the deter- 
minant vanishes. 



ttl 


hi 


<*i 


M 


N 


= 


cii — M hi — 


.Y 


a. 


h 


^'2 


P Q 




Cto — P &2 — 


Q 


^'3 


h 


^3 


(is 63 






«4 


h. 


('4 


a^ 64 






«5 


h 


C5 


as h 






«1 


(h 


«3 


«4 


= \d2(h\ t&4Ci|. ■ 




^1 








&4 






Cl 








<^4 






ch 


ck 


d. 


d. 
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' ''l 


a.. 


«3 


«4 


«5 


«« 


«7 


«8 


«T) 


«1« 


b, 


b. 


^3 


b. 


63 


fe« 


«»7 


^^8 


^ 


610 


.0 














Ce 


C7 


t'8 























^« 


dr 


^8 























^6 


67 


^8 








,/I 


/. 


/3 


/4 


f5 


/e 


/r 


/« 








,.71 


92 


ih 


9i 


95 


9^6 


9^7 


9^8 








fh 


h 


h 


h. 


K 


A« 


''7 


/*8 








h 


io 











'« 


?- 


's 








.^•l 


h. 











Ae 


A> 


As 









7. Show that 



\{(h-b,y (a^-b^y 



(a.-b^y (a,^b,y 



{a2-bsy (02-64) 

(03-63)^ {(h-b,y 

{a.-b.y (a,^b,y 
This may be proved by multiplying the two arrays : 



= 0. 



2 

L 

a/ a, 1 I 

? a, 1 f 



ai* ai 1 ^ 



a 



and 



^4 «4 A J 

8. Show that 

|«1»| («1 + -^'2 + aJg H h 

«2n 



-26, 6i»^ 

-262 6,« 

-263 V 

-264 V. 









a«2 

«13 



Oil ai2 

OgiOJi 022^2 



Om 






lOni^i ansa*.' — a««a^«. 
Notice that the coefficient of Xi in this sum is 

auAu + (hiAi + a«^3i H h ««i^«< = I «!« I- 

9. As an application of the preceding, show that 



2 (a-j + a?2 + ^3) 



a?! iK2 ajg 

ajg «8 »i 
1 1 1 
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Xy- Xo- x^- \-\- Xi X. Xs 


-{■^xjx^x^x^ +j a^i a^ a-^ 


X2 x^ x. x.r xi a:/ 


x^ a.*3 Xy 


; x^x^ x^^ Xsx, 


1 1 1 1 1 1 1 


1 1 1 


1 1 1 



10. Given J\{x) = ai3i^-^3biX^-\'3ciX -hd^. 
f.,{x) = a^'\' 3 62^ -f- 3 CjO? + d,^ 
f,{x) = a^^Jt 3 6.,a^+ ^c^-^ d. : 



show that 
















/2"(«): 


-18 


1 —a* a:^ — ar' 
a, 6, c, d, 
aj 62 Ci dj 
Oj 63 Cs ds 



The first determinant is at once reducible to 



-18 



aiX'\-hi hiX-\'Ci Ciic + di 

O^X + &2 ftjiC + C2 CgOJ + c^ 

a-saj + fts M + Ca CsOJ + fi, 



which may be written 

10 

tti a,a; + 6i ^jtc + Ci Cja; + c?i 
ag 020? + &2 &2^ + C2 CgOJ + da 

Again using 37, the last determinant becomes the result above 
written. The student's attention is called to the fact that the 
method of bordering a determinant, i.e., increasing its degree 
without changing its value, here employed, is frequently of use 
in simplifying. 

63. The following examples comprise several interesting 
expansions of determinants. The cases considered and the 
methods employed are important. 

I. Expand the following determinant in ascending powers 
of x: 



A = 






«12 

022 + ^ 



a2« 
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A is evidently a function of x of the nth degree, in which the 
coefficient of aj" is 1, and the absolute term is /(0) = |ai„|. 
To complete the expansion, we have to find the coefficient of ir*. 
Consider the product of two complementary minors of A, of 
the A:th and (w — fc)th degrees respectivel}', 



I a,, + a; a,. 



and 'a„„ + x- 



««« -f- a? 



This product contains the term 



x^ 



«PP «M • 


• «>„ 


= a!*i>._t, say. 


'««P «« • 


• ",.. 




a«p «„, • 


•• «»» 





The entire coefficient of x^ is accordingly 2Z>„_*, i.e., the 
sum of all the minors of |ai„| of order n — A:, whose principal 
diagonal lies in the principal diagonal of lrti„I. 

.-. A = I rr,,. I 4- i>-2/>„ 1 + '^^^IK 2 + • • • + x^. 

As an illustration, the student may show that 

^1 



tti + iC hi 

C'l h.j -|- X (\, 

«3 h. C'i + X 



(J. 

(h 



at 1u Ca <h-\-^\ 

For another exercise, let the student find the terms of 
A = |ai„| that contain A: elements from the principal diagonal, by 
considering the product of two complementary minors, as above. 
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II. Expand 

A = I ax + ll/ CiX -|- 7i,;?/ hyX -f- 7??i2/ 

r.^X -f- 7^2^ bx -f- 7711/ ^l^ + ^?/ 

in ascending powers of x and 7/. 

Putting first 2^ = 0, and then a;=0, the terms involving 0? 
and T/*', respectively', are 



X' 



7?1 w, 

?^9 7>i /, 



, and tf I Z 

i /'i2 ^n 
Putting the t/'s in the two last columns of A equal to zero, 



a (\ 6, 

^2 ^2 C 



we obtain for one set of terms involving Qi?y 



x^y 



I 



^l 


bi 


h 


«i 


a.f 


c 



and the two otlier sets of terms containing o^y are, similarly, 



oiry 



a 7?i bA and x^y 

Cy 7?i a, I 



b2 k 



(' I 



7n, 
h 



The coefficient of x?/ is found in a similar manner, and the 
entire expansion is accordingly 

A = X' 



+ aJ7/2 



III. Show that any determinant A may be developed in terms 
of the elements of any row and column and the second minors 
of A corresponding to the product of these elements. 

Let A' =1^11 a^2 %',!? 

and border it as indicated below ; calling the result A, we may 



a 


c, h, 


+ 


u^y 


r Z Ci bi -^\a 7/, bi 


i -|- a /', Hi I 


Cg b a, 




1)2 b (I I C2 m ((i '('2 h /| 1 


60 ^2 ^' 




1 7??2 CI 2 c , \b2 lo c 1 b2 cu n j 


- 


a 111 my + \ 


I c\ ?«i + I '^h ^i!~ 


-\-f J 7?i 7«i 




('2 "iii h 




n., b li 1 /?2 m f^,l 


ho m /| 




h h 


7/ 


1 


m.j it,, n m^ 1> (' 


[in^ I2 '' 
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expaud A in terms of the bordering elements and first minors 
of A', i.f?., 

= a,m A'— |a,o aoi Ai+<^io <^'o2 ^^2 

+ 010 Oo) ^la+Oao «oi -^214-%) <% ^22 

"h C^no %j -^83$ 5 

in which ^1,^ is, as usual, a first minor (with its proper sign) 
of A'. 

In general, if A'= I an 0.22'" cinn I > we have 



Ooo 


«01 


(^02 ^'(13 


aio 


an 


«12 ^13 


«20 


Chl 


«22 023 


«r/) 


«3l 


«32 <^38 



A = 



a, 



On 



^00 ^1 ^ ' 

ttjo CLu <^12 ••• ^^In 

^20 ^21 ^f'>2 • ' • ^2*1 i 

ttnO Onl rt„9 . . . <X„n 1 



= aonA'— 2a^ao*^« (/,fc = l,2,3...n), 



*'nO "ill 



>i2 • 



in which, as before, A^, is a minor of A'. 

For the terms of A containing Oqq are obviously aooA'. Now 
let C be the complementary minor of 

Ooo «ot in A ; 

then a^xia^j^C contains all the term^ of A involving aooa«; hence 
a^ (7 contains all the terms of A' involving a^, and consequently 

C = A ,4, 

and — a,yaot^4,i is the expression for the terms of A containing 
the bordering elements a,^, a^f,. 

This expansion, known as Cauchy's Theorem, is frequently 
written 

A = a„ Ar,- ^a^^a^/Sa- («) 

Here A is a determinant of the nth order. A^, is, as usual, the 
complementary minor of a„ in A ; i has all integral values from 
1 to n, except r ; k has all integral values from 1 to n, except s ; 
and pii is the complementary minor of a^^ in A^,. (a) is, 
accordingly, the expansion of A in terms of the elements of the 
rth row and the sth column. 
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The student may show that 



A = a f (J li 
J\ h 

\ Q d 



= ahcd — ffxcd — ggfid — hhibc. 



A= ai+.r, a 2 ^n <^h. = \<^i-i-^i (h ^3 «4 

— :r, X., ' —•'^•1 ^2 

— a^^ .T:5 I — il'i 0' .To 

—X. x^ I —Xi a?4 

= XiXoX.^x, -' IH — ^• 

^ - •• ^ ( ^ .Ti ^ .To ^ X., ^ X^ j 

lY. If A - .r, a., a, . 



I '^i ^2 ^i 

I a I no X,, 



[1„ 1 



^ U] tto «;. . . . .^*„ ; 



and if we put 



/(.r) = (.ri- aO (.I'o- a.) ... (x„ 



and 



/'(.T,.) = ^'A~l = (.rj-a,).- (.f.„i-a,_i) (a.v+ia,^i)...(a;„— a„), 



we find 
For 

A = 



\=f{x) + :S,aJ'{x,), 



1 ... ' = 

1 Xi oo <i... . . . a„ ■ 

1 tt^ X.J a., ... a„ I 

1 aj a.j .)*;. ... a,/ 



1 -a, 


— <i^> 


— a.> 


— < 


liCi-fll 


" 


" .. 





1 . 


'., — a., 








1 


'0 ". 


':l-(':^ " 





L 








•'"// — 



1 ttl tty tt;{ ... .r,j I 

whence (if, as in III., we let A' represent the complementary 
minor of the first element) A'=/(a;), and, since every first 
minor of A' vanishes except the minors of the diagonal elements, 
we have the required value of A on applying the theorem 
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Show that 






A = 


ai X 


X X . 


. X 




X 02 


X X . 


. X 




X X 


03 X . 


. X 



= fix)-xf'{x). 



X X X X ... 

in which f{x) = (x — ai) (x — . a^) (a: — a^) ... (x — a,.) , 

and /'(^) = i ^ = (a: — 02) (a? — ajj) ... (a; — a„) 

da? 

+ (a: - a,) {x - a,) ... (a; - a„) 

+ ... + (a; - aj) (a; - a^) ... (a; - a„_,). 



A = 


1 ... 
1 ttj a; a; ... a? 
1 a? Oo .^• ... a; 
1 X X 0., ... a! 


imp 

0- 


1 — a? — .T 
Itti— aj 
1 a.,— .^ 
1 

1 

)le, 

-'xf{x). 


— X 





ttg-a? 




u —X 
.. 
.. 
.. 


, as in 


1 X X X ... a,j 

the preceding exj 
A=/0 


..a„-a 



64. To the expansions of the preceding article we append the 
solutions of the following determinant equations. 



I. Solve the equation 



A = 



X fli tti ai 

ax X ai ttj 

tti a, X ai 

aj ttj tti aj 



= 0. 



We find by eas}^ reductions 



A=(a;-aiy 



Whence, 



X 


«i ai 


«! 


-1 


1 





-1 


1 





-1 





1 



= (a; - aO^a? + 3 aO = 0. 



a? = Qj, tti, Qj, — 3ai. 
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II. Find the values of x ia the equation 



A~ 



X 


«i 


h 


^\ 


= 0. 


«1 


X 


^i 


h, 




b. 


Cl 


X 


a. 




Ci 


hi 


«i 


X 





A = 



aj-f-tti+fti+Ci tti hi Ci 



= (aj + ai+^i+Ci) 



1 


ai 61 Ci 


1 


a; Ci 61 


1 


Ci a Oi 


1 


6i ai X 



= (x + «i-f- ^+ Ci) (a; — ai+ &i— Cj) 



0-11-1 
1 X Ci 61 

\ Ci X ai 
1 61 «! a; 

Put the two polynomial factors —A and B respectively ; then 
the last expression 

0-10 
=-4. -B. 1 x-\'Cy t'l hi-^Ci 

1 a; + Ci X Wi-f-aJ 
1 ^i-f-«i «i cfci+a; 

!0 

= ^.^.1 

1 

1 1 hi-\-ai— x — Ci 



-1 





^i-f-Cj— cti— aj 







Whence 

(a;-j-ai-f-6i+Ci) (a; — ai — Ci -f- ^>i) (fti-f-cti- a? — Ci) 
{ai-\'X — 61— Ci) = 0. 

/. a; = -(ai+&i+c'i), (cti- &i-f-Ci), (^— Ci+aO, 
(61-tti+Ci). 

III. Find the roots of the equation 

A= a« W c" =0. 

{a-\-\y {h+\y (cH-xy 
{2a -^\y (2h-\-\y (2c+xy 

From the third row of A subti'act the first row multiplied by 8, 
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and from the second row subtract the first row. Then subtract 
the second row from the third, and we have 

A = 3A- iv" Jr c" 

3a=^ + 3aA + A- 3&- + 36A + A- 3 c- -f- 3 cA -f Ag 
Sa^-i-aX ^b^-hbX 3r + c-A 

Now subtract the third row from the second, and 

A=::U' cr /r r' ' = o. 

2a +A 26 +A 2c +A \ 
!3a2+aA Sb^-^bX Sc^+caI 

From this equation it is obvious that three values of A are zero ; 
the other two roots can be found by equating to zero the quad- 
ratic factor of the first number, and solving for A. 

A ma3% however, be further simplified as follows : subtract 
the first column from each of the other two ; then 



:3A3(c-a)(6-«) 



tr b'-{- ab + (fc- 0-+ iic -f-tt- I 
2a +A 2 2 1 

3a2+aA 36+3a+A 3c-f-3a-fA| 



Now subtract the second column from the third, and 

A = 3A3(6-a)(c-a)(c-6)| a' d^ -\- ab -\r h' a-f-6 + c 

|2a-f-A 2 

;3a2-f-rtA 3a-f-36 + A 3 

Finally, add the second column multiplied by —a and the third 
multiplied by ab to the first, and afterward subtract the third 
multiplied by a -f- 6 from the second ; then 



A=3A^(6— a) (c — a) (c— 6)1 a&c —bc — ca — ab a + ft-f-c 

I A 2 

,0 A 3 



= 0. 



Whence three values of A are seen to be zero, and the other 
two roots are readily found from the quadratic 

(« -\-b -{-(-) A-+ 3 (be -\-ac + ab)\-\-6 abc = 0. 
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65. Theorem. — The total differential of a determinant A 
is a sum of n determinants^ each of which is obtained from A by 
substituting the differentials of the elements of a rote for the 
elements themselves. 

Let A= \j:iyA"'tn\' 

Developing in terms of the elements of the ith row, 

.-. diA = dXiXi+dyiYi-^dZfZi-^ \-dti2\. 

There must be n such expressions for the total differential, each 
of which is obviously A, after changing the elements of the ith 
row into their differentials. 

.•.[dA]* = 



-f ••• + 



dx^dy^dz,, .,. dt. 

From the differentials, partial or total, we, of course, pass 
to the corresponding derivatives in the usual way. 



dx^dyidz^ . 
X2 2/2 ^2 . 


..dti 


+ 


Xi yi Zy . 

dx2 dyo dz2 . 


.. t, 

..ato 


•^\ Vn ^u . 


.. ^J 1 x,, y, z., . 


.. K 


x^ yi z, . 
X2 y2 ^2 . 


.. t, 
.. t2 


• 







Illustrations. 
M 



N 



NHv : 



dM M\ 

dN N\ 



dM M 

dN N 



d'M M 

d^N N 



Let 



\0 a 26 c 



dA 
da 



— -O-ll -|- -^'l22 — 



b 2c 


k 












b 


2c 


k. 






a 


2b 


c 


+ k 


a 


c 


•2c 


k 







b 


k 


b 


2c 


k 









* Tho [ ] denote the total differential. 
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^==2A,,+ 2A.^+A,,+A,,= u\l I 



dh 



-4fc 



a h 
b c 



4 1 22/ c ()| 
i b 2c k\ 



■ c\a c '. 
\b k\ 



^ = J,,+ A.4+ 2^1^+ 2A. = 
dc 






= -l{:j+-^l44 = 



66. Thp:okem. — //' the elements o/A are (dl functions of the 

f/A * 
same variable or, — eqiicUs the S7un of ?i determinants^ each of 
dx 

ichich is obtained from A by substitutimj the derivatives of the 
elements of a row for the elements themselves. 

The truth of this proposition is evident from the preceding. 

Thus, if 

A= /n(.f) A,(.r) .../,„ (or) ;, 
fA^v) f^{^) ... fn(x) ' 



fnl{^)fA^l')-'fnn(^)\ 

cl^ AM f^x) ...fU^) ^f,\x) ^'Or)...A'(aj) 



+ 






If 



A = jl \ix 

1 1 X,x 
1 1 \.^x 
lO 11 



] 

' 



— — a; 
An A3 

11 



— AjX^As 


1 

Ai 


X 







1 

A,, 


1 
A. 


X 
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the student may show that 



ax 



4-1 1 



X • ' — X 



-i X 
1 1 



-- if 
As 

1 



+; 1 



1 


X 







K 








1 


1 










X 




A, 


As 












1 
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CHAPTER III. 

APPLICATIONS AND SPECIAL FORMS. 

67. We have now discussed the origin and some of the 
properties of determinants ; it remains to show how useful these 
functions are in application, and to examine some of the Special 
Forms that are of frequent occurrence. Within the limits of an 
elementary work like this it will be possible to select only a 
very few of the many important applications, and to touch 
somewhat briefly upon the special forms. Enough will be given, 
however, to enable the student to pursue his further investiga- 
tions with pleasure and profit. We now return to the problem 
with which we commenced the presentation of determinants, aud 
proceed to the 

Solution of Linear Equations, and Elimination. 

68. Consider the set of three sunultaneous linear equations : 

«2^ + &2y + C2« = Wi2 f » and A = Og 62 ^2 1 
a^ + h^ + c^^tn^^) <h h <^J 

Multiply these equations by Ai, A^-^ and A^ respectively, and 
add by columns, obtaining : 

(tti^i-h a2^2+«3^3)aJ + (6i-4i4-M2+M8)y 

+ (Ci^i+C2u42 +C3-4s)2 

= miAi+m^Az+rn^As^ 

By 45 the coefficients of y and z vanish ; the coefficient of x 

is A = I % &2 P3I 7 a^^ ^^6 absolute term is I mi 62 ^s I • 

Whence ^_ Im^ 62 PsI 



!«! &2 ^; 



ii' 
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y- 



If we had multiplied the given equations by JBi, JB2, -Bs? we 
should have caused the coefficients of x and z to disappear in 
the resulting equation, and would have found • 

^__. lai mg Cgl 

Using Oi, Cj, Cg as multipliers, we should find, similarly, 
^_ lai ftgywal 

69. To generalize the solution of the preceding article is now 
an easy step. Given 



and 



a^ia?i 4- «'r?»2 -h • 

a«i«i-f a«2i»2-l-• 
A= lai 



• 4- <ht^r + 

. 4-a2r«r + 

• 4- ar^r 4- 

4- flm^r -h 



4- (hn^n = »»! 1 
+ (hn^n = ^2 

4- ar^Xn = m, 

4-ann«n=W*n 



». , 1., 



ttu 


ai2 . 


. a^r . 


.. ai„ 


021 


a2o . 


. a2,. . 


.. a.,, 


... 


Ll,.j, . 


. a„ . 


.. a^ 


««i 


«m2 . 


. Cf„, . 


.. a,m 



Here A is, as before, the determinant formed from the n^ co- 
efficients in the first members of equations I. , and is called the 
determinant of the system. 

Multiplying equations I. in order by ^l^^, A^r^ ... A^y^ ... A^^ 
and adding by columns, we find 



(au^i, + ^21^2. 4- • 

4-(ai2^r-f Gt22^2rH-' 

4- 

4-(ai,^i, + «2H42.H-' 
4- 

4-(ai„^i,+ a2n^2r4-' 
= miAi, 4-m2-^2.-4' ' 



4- ariArr 4" ' 
4" ^r24-r 4" " 



4-a„iAr)«i 
+ a„2^r)aJ2 



4- arrArr-\ h a^r^^r)^. 



4-a^^^4-' 

4- mrArr 4" ' 



4-a««Ar)if„ 

4- w,,^,.,. 



(-1) 
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Ill equation (A) the coefficient of all the unknowns except the 
coefficient of x^ vanish, and the coefficient of x^ is obviously A. 
The secoi^fi member of (A) is evidently what A becomes when 
wi,, wig, ...w„ are put for the corresponding elements of the rth 
column. Hence 



Xr = 



(hi ^^22 



m.2 



^2» 



^m 





«11 «12 


... a„ .. 


fti« 




^21 ^'22 


.. a^r .. 


«2» 


-5- 


«,1 «r2 


.. a,, .. 


(f'm 




a„i a„2 


.. a„, .. 


«H» 



*'i,t 



Translating this formula, we have : 

Tlie value of each of n unknowns in a set of n linear simul- 
taneous equations is the quotient of two determinants; the divisor 
{denominator) is the same for all the unknowns and is the deter- 
minant A of the nth degree formed by writing the coefficients oj 
the unknowns in order (^.e., the determinant of the system) ; the 
numerator of the value of any unknown as x^ is obtained from A 
by substituting for the elements of its rth column the second mem- 
bers of the given equations in order* 

70. The following modification of the solution already given 
of equations I. will be interesting. Employing the same notation 
as in 69, we have 



aj,A = 


an aj2 . 


.. a,, a;, . 


.. % 




a^i a22 . 


.. a2rX^ . 


.. tta, 




a,i a,2 . 


. a,rX, . 


. a„ 


ich, by 37, 


a,a rt„2 . 


. a^r^r • 


. a„, 



* This is the rule for the solution of simultaneous linear equations first 
obtained by Leibnitz, and subsequently rediscovered by Cramer. (See 
opening paragraph of Chapter I.) 
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«11 


ai2 ... 


021 


a^ ... 


... 





Ctrl 


a^ ... 


a»i 


a„2 ... 



«ir-i aiiaJi+ai2a^2 4- 

«2r-l «2li»l-|-a22^2 + 
"T ^2n ^rt ^<'2r+l • • 



^2>i 



Now substitute in the last determinant the values of the 
elements of the ?i;h column, and 



i»,.A = 



^21 ^22 . 



a,i a,2 . 
a„i a,,2 « 



«lr-l ^'h 

ag^-i m2 



«1« 
tt2n 



I CK11CI22 . • • ^rr . . . ^nn ' 

as before. 

A simple example of the methods of 69 and 70 is the solution 
of the following equations : 



5a; 4- 32/ + 32 = 48 -^ 

2ir + 62/ — 32=18 V. Here A = 

8a; — 31/ + 22; = 21 ) 



5 3 3 
2 6-3 
8-3 2 



= -231, 



48 3 3 
18 6-3 
21-3 2 



= 3; 2/ = 



5 48 3 
2 18-3 
8 21 2 



= 0:2;= 



5 3 48 
2 6 18 
8-3 21 



-231 " -231 -231 

As another example, we may solve the equations : 

2/4-2 4.w = a'] 111 

2+2^-fa; = & I „ ^_ 1 1 1 

X -\-y -{-z =cl 



Here A = 



110 1 
1110 



= -3. 



Digitized by 



Google 



86 THEOBY OF DETEKMINANTS. 

The student may show that 

2 =-J(d + a + 6 — 2c) ; w = i(a4-2> +c - 2d). 

71. We have hitherto tacitly assumed that neither A nor wi< 
(t= 1, 2, ... 7i) should vanish. If A vanishes and m^ does not, 
the value of each unknown becomes infinite. If m< vanishes 
while A does not, the values of the unknowns are severally zero ; 
but when m^ vanishes, the system consists of homogeneous 
equations, and their solution is given later. If m, does not van- 
ish, but A and the numerators of the unknowns do vanish, then 
we have the following theorem. 

72. If the equations of a set are not independent^ i.e., if any 
one (or more) is a conseqitence of the others^ the value of each 

unknown takes the form — 

Since the equations are all linear, any one can be derived from 

the others only by the addition of two or more of them after 

each has been multiplied by some constant factor. But this 

gives rise in the determinant numerator and denominator of the 

value of any unknown to two or more identical rows, and hence 

numerator and denominator vanish. 

For an example, take 

aiXi-{-biX2 -\-CiX.i =Wi '\ aibiCi 

a^Xi + 62^2 4- C2i»3 = wi2 [ ; where A = ai ao h^ Cg = 0. 

«i^^i4- aibiX2-\- aiCiX^= aim^ ) % ft, Cj 

We find 

mi hi Ci' 

m^ 62 ^2 

m^h,Ci _o \a,m,ci\ 0. ,. _^ Uhh,m,\ 
^i-ai— ^— --, x,-a^ — = -, x,^a,—^ = -. 

For a second example, the student may show that the values 

of the unknowns in the following equations take the form — 

SX'{-2y-' oz= 4' 
Qx- 



+ '2y-' oz= 4^ 
— 32^ + 42!= 22 [, 
2/-22 = -2j 
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73. If 7% = m2 = • • • = m„..i 
we evidently get 



:0, and one m as m„ does not, 



Whence 






Wi„^„„ 



A 

■An9 



Ann 






74. If mi = 7n2= ••• = m„ = 0, i.e., i/ equations I. become 
homogeneous, then, unless a;,, a;,, •••ar^ are severally zero, A mws^ 
yariiWi. 

In that case, equations I. become 



?2= Ct21^1-|-«122iC2-|- • 



-f al,a;,4- 
-|-a2ra;,.-|- 



-{-(hn^n^O 



= (7?iy being zero), the 



II. 



I, = ayio^i-l- artj^oH h c(rr^^r-\- 

/„= a„,a;i+ a^o.roH h cf„,;r,+ 

Since a?^ A = I au a22 033 • • • wi, • - »- 
truth of the assertion is obvious. 

An example is furnished by the homogeneous equations : 
a^Xi + ai2X2 -f QisXQ = >| 
(hiXi-^- 022X2 -ha2sX^ = I. (J5:) 

Multiplying equations (^) by ^u, A^i, ^31, respectively, and 
adding by columns, we have 

{aiiAn + 021-421 + 031^131) a'l 

4- («12^11 + «22^U'l 4- a32^3l)-i'l> 

4- (ai3^n 4- a'2rAi 4" 0^33^1)3^3 = ^. 
The coefficients of a?2 and a?3 are zero, and we have 

aJiA = 0, /. A = 0. 

As a further illustration, the student may show that if 
nXiX+vy^y-^-ivziZ+UiiyZi-^-yiz) -^Vj{zXi-^Zix) +Wi(xyi+Xiy) 
is zero for all values of x, y, and z, then 

uvw — uui^— vv^— ivw^'\- 2 iiiViWi^ 0. 
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Observe that by the given conditions the coefficients of ar, 
?/, z must severally vanish. 

75. With the help of 74 we obtain an interesting proof of 
the multiplication theorem of 53. Consider the simultaneous 
equations 

(«! — A)a-i+ h^X2 + CiiCg =0 ^ 
«2^1 4-(^2 — '^)a^2+ CgiCa =0 ? I. 



By the preceding article we must have 



A = 



fci — A. hi Cj 

a^ bo — A. C2 
«3 h <^3 — -^ 



= 0, 



(a) 



or x^-MX' + N\^P = 0; 

where we notice especially that 

P = I ill hj C3 1 . 
Let the roots of (a) be Aj, A2, A3 ; then, evidently, 

■* -^ — Aj A2 A3. 

Now, from I. we obtain three new equations as follows : 
Multiply equations I. by aj, cu, og respectively, and add them 
together ; also multiply equations I. by /?i, ^82, fis respectively, 
and add; finally, multiply equations I. by yj, yg, yg respec- 
tively, and add. We now have three new equations where the 
determinant of the S3'stem is 

A' = ajai + a2a2 + Clgag — aj A biai -|- ^2^2 + ^a<^3 — <^^ 

«iyi H- ^272 4- ^^3 73 — 71 A ^i7i + 6272 + ^373 — 72^ 



^l«l + ^2^2 4- ^3^3 — «3A. 

Ci7i + ^272 H- C373 — ygA 



= 0, 



or 



Qk^ - ^f,\^ + Ni\ - Pi = 0, 



(^) 
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where we observe that Pi is what A' becomes when we put 
A. = 0, and that 

Q = \ai Po yal. 
Further, since 



it follows that 



p 

-— = — \i A.2 ^3 = -**? 



But Pi is exactly the determinant obtained by 53, and this 
was to be shown. 

76. Tlie condition A=:0 being fulfilled, the equations no 
longer determine the actual values of the unknowns ; they deter- 
mine only the ratios of these values. For, if a?/, x./, ...a;,/ 
satisfy equations II., so will l\i\\ kxoy... kxjy k being any factor. 
Any 71 -- 1 of the given equations will suffice in general to de- 
termine the ratios of n— 1 of the unknowns to the remaining 
one. An example will make this clear. We employ for brevity 
only three equations : 



(a). 





aiX + biy-{- 0^2 = 




aoX + h^y -hC2Z = 




a.,x + h,y -^ c^z = 


Write these 


equations 




«.^+<^4=-*i 




X , z , 




X , z 



(t). 



From any two of equations (b) we may find the values of 
~, - ; thus from the first two 

y y 



X 

y' 



\h c,\ 



a 



z 

y' 



|«i C2I' 
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Again, equations (b) are to be simultaneous ; hence these 
lues of - anc 

y 

Substituting, 



•2/ Z 

values of - and - must satisfy the third equation 





Oal&i Cgl — h^lai Cgl -|- Cgki ftgl = ; 


or 


A=:0. 


Since from the preceding equations - also equals 




\b, C3I \b, csl 




\(h Csl" las Cal' 


we have 


y B, B, b; 


In the same way, 




y B, B, b; 


and hence 






' » _ -4i _ -^2 _ -^3 . 




z C, C2 C3' 


or, 






x:y:z = Ai:Bi:Ci 




= A2 I X>2 • ^2 - 




= A,:B,:G,. 



That is to say. The ratio of any two unknoions in a set of 
homogeneous equations is equal to the ratio of the cofactors in A 
of the coefficients of these unknowns in any of the given equations. 

The general proof of the proposition just stated may be given 
as follows. We have to show (equations II.) that 

iCi : X2 : a-3 : ... : x, : ... : a^, = Ai ' A2 - As - '•' • A- ''' An 

= A21 I -^22 • A2S I '" I A2r : • • • : A2n 

=Ani ' A„2 : A„Ki : . • • : A„y : • • • : A„„. 
If these proportions are true, we must have the equations 
Xr=: XApr (A = constant ; _p = 1 , 2, • • • n) . (Ei) 
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The equation 

a.iA^i + a,^A^o -\ + a,,A^„ H \- a,„A^,„ = (E2) 

is always true, whatever the value of p, since A is itself zero. 
Substituting in (E^) the values of 

as obtained from (J5^i), and multiplying by A, there results 
a.iXi 4- CL,2X2 4- ti,A + ••• + ctrr^r H + a,«»^'» = (^' 

This last being a true equation, the proportions from which it is 
derived must hold.* 

77. From the last article, or the two preceding articles, 
we deduce the important conclusion. In order that n linear 
homogeneous equations may he simultaneous^ it is necessary and 
sufficient that the determinant of the system vanishes. In that 
case any one of the equations is expressible linearly in terms of 
all the others, provided the first minors Ai^ do not all vanish. 
For we have in general, A being zero, and /i, A,^ •••^« repre- 
senting the linear functions of equations IT., 

hence, if one at least of the first minors -4^, -^2*, . . . A^k is not zero, 
as for example ^n, Zi must be expressible linearly in terms of 
h^ h^ '"Lj ai^d hence Zi = is superfluous. If all the first 
minors vanish, and one at least of the second minors does not, 
then, similarly, it may be shown that tivo equations are super- 
fluous, the system being doubly indeterminate, and so on. 

78. Among the proportions of article 76 consider the 
following : 

.Vi : X2:x.y. -'' x„ =A„i : .I,,,, : ^1..-, : ••• A„„. . (P) 



* This demonstration applies of course so long as the first minors of A 
do not all vanish. 
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A^i, A^^ A,^i^ •••^1„„ are, Doue of them, functions of the 
coefficients of the last equation of set II. in 74, 

Hence, proportions (P) give the ratios of the unknowns 
a*!, a\„ ir.,, ... A^„ that satisfy the w — 1 equations 

(liiXi 4-«i2-'^2 H l-«i«^« =0 ^ 

a„ ii^'i 4- <^««- v-Vo-i h «H-i«.'*^«= J 

if we denote by A,,i the determinant formed from the co- 
efficients in equations III. after suppressing the first column of 
terms, by A^z the determinant formed from the coefficients of 
equations III. after suppressing the second column of terms, 
and so on. Hence having given n homogeneous equations con- 
taining ?i -h 1 unknowns 

a, a Xi -h a„a\, H h a„„+i a;„^i = J 

we find the ratios of the unknowns as follows : 

^i«+i I- 



It A, = (-iy-y(„ a,, .. 


• (fii-i «i/+i 


«2i a>2 •• 


. C!2.-l ^'2/^1 


<^^,1 <^f„2 " 


• (f'ni-l <^^u-.,l 


Then from what precedes 




.r, : .7-., : .T, : • • • : x,..^i = A, 


:Ao:A,:...: 



79. Consider the following n equations containing n — 1 
unknowns. 

o,,,.ri + asgOTo + • • • 4- a2„_ A_i -h j>2 =0 
a„ 11.^*1 4- a„-i2a'2 H h ^«-i«-A_i4-i>«-i= 
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EquatioDS V. may be made homogeneous by multiplying them 
by u, and regarding XiU, x^u^ ...a:„w, «, as the unknowns, u 
being any arbitrary quantity. Whence, if these equations are 
simultaneous, we have by 77 

:0. 



«11 


ai2 . 


.. «ln 1 


Ih 


CUi 


^22 . 


.. iU, 1 


Pi 



^^■a- iH- 1 Ph 1 



«nl 



This result may be expressed as follows : n equations {not 
Jiomogeneous) containing n — 1 unknowns are simultaneous if the 
determinant of the nth degree formed from all the coefficients 
(the second members of the equations being included among these 
coefficients) vanishes. 

This condition could also be derived from equations II., Art. 
74, by putting iK„=l. Those equations, n in number, then 
contain n—1 unknowns ; and if the equations are simultaneous, 
we see that \aiJ must vanish. 

80. With the help of the preceding article another solution 
of a set of linear equations may be obtained. For brevity we 
employ only three equations : 

(1) aiXi'^biX2-\-CiX^=mi^ 

(2) a^Xi-^b^Xz + CzX^^mi^ 

(3) a^Xi 4- b.^X2 + C3.T0 = Wg . 

Take with these equations another, 

(4) a^Xi + b^X2 + CiXs=m^, 

which we suppose consistent with the first three, and in which 
«4? ^45 C4, ??i4 are undetermined. By 79 
l«i &2 C3 W4l = 0; 
or, aiAi + biB^-\-CiC^-^miM^=0] (5) 

where, as usual, 

A^ = — \bi Co mgl ; j54 = Itti Cg rn^l ; 

Cj = — ki hj 7n.J ; Mi= \a^ bi Cgl = A. 
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Now if we eliminate ^4 from equations (4) and (/>) , we get 

Since equation (6) must be true whatever the values of u^, h^^c^, 
the coefficients of ^4, 64, t\ severally vanish. 



or, 



A ' 


A 


..^-^-. 


hh2^c^ . 


,. __ 1^*1 "^2 ^'i\\ . 


laih^m^] 



81. Let us now return to equations I. Art. 69. Considering 
mi, mj, ?W3, ... m„ as linear functions of the .v's, we can express 
any new linear function 

in terms of the m's. 
Thus, if we have given 



^Vl., 



c,x, 


+ C,.f, + 




+ c, 


.^•« =!/ 


«ii^'i + ai2A2 + 


... 


-h ai„x,, = lUi 


0.jiXi'{-a22X2-\- 


... 


+ a,„.r„ ='m,, 


(^.l.^•l^-<'^,-'>•l'^- 


... 


-\-a,„/x„ = m.„ 


A' = 


r, c, ... 


(•„ 


y 


= 0. 




(Ill (i,o ... 


((u 


m, 






<(o, a^, ... 


a. J, 


m.j 





by 79, 



((„1 H^.j ... a,„^ ///„! 

Now if A i2|((,„|, we readily obtain 
A'±//A = ±^yA; 

or, ± y^ = 



c, r, .. 


. '■„ 


Kjl «!, .. 


. (/,„ 7>l, 


^21 «22 •• 


. CfcgH '^'l2 



a,,,. 7/i, 
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82. We have seen that if n homogeneous equations are to be 
consistent with each other (simultaneous), the determinant of 
the system must vanish. The equation 

A = 

then is an equation of relation between the coefficients, and is 
really the result of eliminating the unknowns from the given 
equations. We shall soon investigate this resulting equation of 
condition or resultant in detail. We here deduce a general 
form by which the result of eliminating n unknowns from p 
given linear equations, supposed simultaneous, may be ex- 
pressed, p being greater than n. 
Given 



021X1 +0220^4- 



a I Xi -{-%2X2 + "- -\- (^pn^n = 



'-\-auX, =0 
•4- a„«a;„ =0 



VII. 



If these equations are to be satisfied for other than zero val- 
ues of the variables, the determinant of the system for any n 
of them must vanish by 77. The equation expressing this con- 
dition, is obtained by writing 



Un 


«12 • 


. «i» 


«21 


a22 • 


• «2» 


a«i 


a«2 . 


•. ttnn 


a,i 


a,2 . 


. Clpn 



= 0. 



(3f) 



Equation {M) is accordingly interpreted to mean that every 
determinant of the nth order formed from any n rows of the 
matrix on the left must vanish. For an example the student 
may eliminate the two ratios ajj : ajg : ajg from the five equations 

a,aJi-f-&/ar2-f-c. 0:3 = (?*= 1, 2, ...5), 
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obtaining tlie equation 

I 

I 



(h 


^ 


^i i 


= 0, or 


a.2 


b. 


c. 




03 


h 


C3 




^^4 


h 


Ca 1 




^'o 


h 


^5 1 





«i 


a2 


«« 


^4 


«5 


h. 


^, 


^3 


^ 


^5 


Ci 


C2 


^3 


^4 


^5 



83. Suppose we have given 



UyXi H- hyX.2 + Cia'jj + diX^ = 0, 

«2^1 4- ^2*^2 4- <^% + f?2^4 = 0, 

«:A + &3^\> 4- 1% + ^3^*4 = ; 



then, by 78, 

a*i : 0^2 : a*;j : x^=^\ hi c^ d^\ : 
Substituting the vaUies of 



= 0. 



U^i t\ f/gl : \a1b2 d.\ : — ki 62 C3I. 



we get the relations 

cci I 61 C2 <:?a I — 61 1 tti C2 cZg I -f Ci I ctj ^2 ^3 1 — <^i I c^ ^2 P3 1 = 0, 

ttg I 61 C2 dg I — ^2 I «1 ^2 C?3 I 4- O2 I Oi 62 C?3 I — C?2 I aj 62 Cg I = 0, 
«3 I ^1 ^2 <?3 I — ^3 I «1 ^2 ^3 I 4- Cg I ttj ^2 ^^3 I — ^3 I <^h ^2 Ps I = 0, 

which are all expressed by the matrix 



Oj ^1 Ci di 

O2 ^2 ^'2 ^2 



To generalize this, we return to art. 78. 
From equations IV. we found 



Substituting in equations TV. the values of 



*n+l» 



X, X, 



^r 
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given by these proportions, we have 



97 



a^iAi -f a,^A2 H + a,.^A^ -f • 

««iAi + a„A2 + • • • + ««rA, + • 



+ 0f^»+iA„+i — 
+ a,„^.iA,,^i = 

+ ««ni-lAn+l=0 J 



(R) 



These 7i relations are expressed by the matrix 



an 


«12 


•• «lr • 


• ^IH 


«1H+1 


O21 


CT-w 


•• «2. • 


• <^'. 


^2»H-1 


a,i 


(f,2 


... a,, . 


•• ^'ru 


«n.4-l 


a,d 


««2 


•• (^,r • 


•• «,m 


«,»H-1 



= J/. 



We have aceordingl}-, in general, from a matrix of the form 
Jf, the following relations : 



ai2 


«13 • 


.. a^, . 


•• «i« 


«i«+i 


^22 


«23 • 


.. a^ . 


.. cu,. 


^2»i+l 


«,-2 


",3 • 


.. a,, . 


•• «m 


a,.„4.i 


a«2 


««3 • 


•• a„, . 


• ««,. 


a.„+i 



•Clr2 



«11 «1.J ••• «lr ••• ^hn «liH-l 
^21 ^2:J •*• %r ••• ^2» ^^+1 



ttri a,, 



H +(-l)"ar«+i 



«21 ^22 

a,., a,... 



<^^a ^'«3 ••• ^nr ••• ^/m ^nn+1 

= 0, 



a,. 



«2/4 



in which r has successively all values from 1 to n inclusive. 



Digitized by 



Google 



98 



THEORY OF DBTEB>UNANTS. 



84. We will now select a few examples to illustrate the 
foregoing processes from the vast field of application. 

I. To find the condition that three right lines shall pass 
through the same point. 



Let 



ctao; -f 62^ -f C.2 = 



(^) 



be the equations of the lines in cartesian co-ordinates, and let 
^1? Vi be the given point. Equations (A) must be satisfied for 
x=:Xi, j/ = yi ; hence 

(^1^1 + ^1^1 -h Ci = \ 

<^f^i + ^s'/i + (-3 = ) 
But in that case, by 79, 

\aib2Cs\ = i), 
which expresses the required condition. 

II. To find the condition that three points shall lie on the 
same right line. 

Let («i, 2/1), (it-g, 2^2)j (^^Vs) 

be the given points, and 

UjX + 6^?/ + d = 

the equation of the line. Then 

ciiXi + bjj/i 4- ci = 0, 
a^ 4- b^2 4- Cjj = 0, 



Whence the required condition is 



^ Vi 


1 


a?2 y^ 


1 


^^ Vi 


1 



= 0. 



(ii) 
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As an application of the present example, we show that the 
middle points of the three diagonals of a complete quadnlateral 
lie on the same straujht line. 




The three diagonals being 00, BA^ BiA^, and their middle 
points Fy D, -E7, we have to show that F^ D, E are on the same 
right line. 

Take the vertex as origin, and the sides OA^^ OBi as axes 
of reference. 

Put i(i = OA, a, = 0^1, bi = OB, b.2 = 0B,, 

The co-ordinates of D are — , -^, and the co-ordinates of E 

are — , — • The abscissa of F is half the abscissa of (7, and 
2 2 . 

the ordinate of F is half the ordinate of C, Hence we have 
to find the co-ordinates of O. The equations of AB^ and A^ B 
are respectively 

* -f f^ = 1 , or h.iX, + aiV = c^i 6., ; 
(Tfi a, - . - 



Whence the co-ordinates of C are 



: (Xc^lu, 





aj},, 


«i 




h 


aib2 




aj)i 


«2 


^ y = 


h. 


aj). 












b'l 


«i 




b. 


a, 




Ih 


a., 




bi 


do 
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and the co-ordinates of F are 
Now, by equation {R) above, 



A = 



2 






2 


a., 
2 






2 


a^a,,(h.' 


-h) 


h,h. 


(rr,-a,) 



2(6202 — 610(1) 2(62ce2 — ftja,) 



= 0, 



if the three points are on the same straight line. 



A=:- 



^(b^iu — Ihiii) 



b. 



Uia.j{b.2 — bi) bi ?A,(a2 — Ui) b^a^ — bia^ 



Now add the third cohnnn of this determinant multiplied by 
— ai to the first column ; also add the third column multiplied 
by — 61 to the second column. Then 



A = 



4(^oa2— ftitti) 











«i bx (ttj — cfg) (i\ bi {bi — 62) bj a^ — b^ a^ 



which is obviously zero. Hence F^ i>, E are on the same right 
line. 

III. To obtain the equatioyi of a circle 2)( casing through three 
given points. 

The general equation of the circle is 

{^^ -hf) ■^2ax 4- 26y 4-c = 0. 

If (a*i, 2/1)^ (^252/2)5 (*^'a. 2/3) are the given points, 

W + 2/i') + 2a.ri + 26?^i-|-c = 0, 
(X2^ -h 2/2O 4. 2a.T2 4- 26y2 + c = 0, 

(^''-hyrr) + 2ax,-{-2bi/,-\-c=0. 
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These four equations are simultaneous for tlie parameters 
a, 6, c ; hence, by 79, 



.■,;= +f 


2x 2y 


1 


xC- + y^- 


2xi 2^, 


1 


x.^ + y'I 


2x, 22/2- 


1 


^■I + yi 


2.V;l 22/3 


1 



0, 



{0) 



which is the equation' sought. 

That equation C is the required equation of the circle deter- 
mined by (a^i, 2/i), (^2? 2^2)5 (^)i 2/3)5 is obvious from the form of 
the first member. The determinant when expanded obviously 
gives a function of the second degree, and having the charac- 
teristics which distinguish the equation of the circle. Moreover, 
this equation is satisfied for cc = ccj, y = j/i^ since in that case 
the determinant vanishes. The same is true \t x = x.2, 2/ = 2/2? 
or x = Xq, y = 2/0. 

IV. To find the relation connecting the mutual distances of 
four points on the circle. 

We must have, if the points are (o^i, y^^ (ajg) 2/2)) (^a? 2/3)5 
(^4j 2/4)5 a determinant equation just like the last one above, 
except that the first row of the determinant will have the sub- 
scripts 1, the second row the subscripts 25 and so on, the last 
row having the subscripts 4. 

Accordingly, multiplying together 



a^i' + 2// 


-2x, 


-2y, 


1 


X 


1 


•'*-i ?/i 


.'i'r + 2/i' 


a?2' + ?/2' 


-2x,, 


-2^2 


1 




1 


a;, y^ 


a?/ + 2// 


xi-^yi 


-2;r, 


-22/3 


1 




1 


a?a y.i 


.^3^ + 2/3' 


x,'-\-y:- 


-2a', 


-22/4 


1 




1 


^i 2/4 


^4^ + 2/4' 



which are two different forms of the first member of equation 
(C) above, we obtain the required relation 



(12)2 (13)2 (14)2 

(12)2 (23)2 (24)2 

(13)2 (23)2 (34)2 

(14)2 (24)2 (34)2 



= 0, 
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iu which 
(12)2 = (^,^ __ ^^y ^ (y^ _ y^y^ (13)2 = (^^ _ ^^)2 ^ (^^ _ y^)2^ 

and, in general, (iky is the square of the distance between 
the tth and Ai;h points. 

Expanding this determinant by 63, III., and adding and 
subtracting 4(12)^(13)2(24)2(34)2, we obtain 

[(12)- (34)2 _|_ (13)2 (24)2 _ (14)2 (23)2]2 
~ 4 (12)2 (13)2 (24)2 (34)2 ^ q^ 

Whence 

|[(12)(34)-(13)(24)-(14)(23)] 

[(12)(34)~(13)(24)+(14)(23)]j 
xK(12)(34)-h(13)(24)-(14)(23)] 

[(12) (34) + (13) (24) + (14) (23)]| = 0, 

or (12) (34) ± (13) (24) ± (14) (23) = 0, 

which expresses the condition sought in its simplest form. 

V. To find the condition that two given straight lines in ^[>ace 
may intersect. 

(a) Let .r — a y — fi ^ — y /i\ 

a, -=' b-r = "^' ^'^ 

X-a^ ^y -P^ ^Z-y^ (2) 

^2 ho c, 

be the equations of the lines. If these lines intersect, the 

P^*^® pX'\-qy-\-rz = d 

may be passed through them, and we must have for the first line 

pa -^qp+ry=d\ (3) 

pai + 96i + rci=0 j ' (4) 

and for the second line 

pai + gA+a7i = dl (5) 

pa2 + qbi + rc2 = ) (6) 
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From (3) and (5) 

i>(a-aO + g(/S-)8i)+r(y-yO = 0. (7) 

(4), (6), (7) being simultaneous, the required condition is 



ai bi Ci 

0,2 ^2 ^ 

a — ai ^ — ^1 y — yi 



= 0. 



(b) If the straight lines are given by the equations 

aiX + biy'\-CiZ = cli ) 
ago; -f bzy 4- c^^ = do ) ' 

a^x -\-bsy-\-CsZ = ds\ 
(UX'\-b^y'\-c^z = di ) ' 



(1) 



(2) 



these four equations are simultaneous for the point of inter- 
section (aj, y, z) , and the condition of intersection is 

I «! 62^3^^41 = 0. 

VI. To find the equation of a plane passing through three * 
given points {x^, y^, z^), {X2, y^, z^), {x^, y^, z^). 
Let the plane be 

aiX-\-b^y'\-CiZ=^di. • (1) 

We must have 



(hX2-\-biy2 + CiZ2=^d^ 
aia;g + 612/3 + Ci 23=^1 



{D) 



Equations (Z>) and (1) being simultaneous for the para- 
meters ai, 61, Ci, di, we have for the equation sought 



X y z \ 

Xi 2/1 ^\ 1 

x^ 2/2 22 1 

a^ 2/3 ^3 1 



= 0. 
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VII. An interesting application of determinants is afforded 
by the following problems. 

(a) To extend a recurring series of the rth order witliout 
knowing the scale of relation. 

As is well known, a series of the form 

is a recurring series if the relation of any r + 1 consecutive co- 



efficients W-, u,. 



w„_^ can be expressed by a linear equation 



(the scale of relation). Under these conditions the series is 
called a recurring series of the 7'th order. Every such series is 
accordingly determined when 2r of its consecutive terms are 
known. If all the coefficients, with the exception of the 2?i;h, 
are known, this last is easily found. By the conditions of a 
recurring series 









«^2r +i>lW2r l + i¥'2r-2 + W^-3H hiVl^Wl + iV'r =0. 



Now, by 79, 










9 


^'r 


W,_l ?/,_2 ?/,.3 • 


.. Ui 


Wo 




W.+1 


Ur ^(-r-l ^^-2 • 


•• n2 


Ui 




''r+2 


Ur+1 'ffr It,- 1 • 


• ''3 


n.2 




IL,, 1 


?/2r-2 ^'2/— 3 ^'2/- 1 * 


• Ur 


^r 1 




U2r 


tl2r-l 'fhr-2 '^tir-fi ' 


' 'ff.+l 


tfr 



= 0. 



(F) 



whence i/2r is found by expanding the determinant and solving 
the equation. 

To find %^+i we have only to increase each subscript by unity. 

Applying the above process to extend the series 

I4.a;-f.5ar-f-13if3-|-..., 
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we find 



5 


1 


1 


13 


5 


1 


'^4 


13 


5 



= 0; 



13 


5 


1 


u^ 


13 


o 


fh. 


lU 


13 



= 0; 



13 


5 


W4 


13 


^h 


n. 



= 0; 



whence 1^4 = 41, ?(5=121, z((, = 3Go. The series is accordingly 
1 4_ a; _|_ 5a;2 4. 13ic3 4- 41 cc* 4. 121 ar' + 365 .r^ + .... 

(b) To find the generating function for any given recurring 
senes. 

Since a recurring series is always the quotient of two integral 
functions, of which the divisor is of a degree higher by 1 than 
the dividend, we may find the required generating function by 
indeterminate coefficients, as follows : 

Assume the given series 

ao+ aiX-\-a.pf-i f- a,_iX'- ^ 



Uq -f- UiX -f KoX- H 1- u.x'' = 



(T) 



1 + ih^ + PfP^ H h PX 

(after both terms of the fraction have been divided by the first 
term of the denominator) . 

From the first r of equations (F) of the preceding example 
we can determine the constants 2hf P2 -"Pr* ^^ ™a.V therefore 
find the scale of relation. We have from equations (i^), after 
obvious interchanges of columns, 



Pr = 



— n. 


?(, . 


•• ^'r 


2 


'^^-l 


- '^•+l 


u., • 


•• V,. 


1 


?/, 


- ''.+2 


?'3 • 


" '^ir 




''^+l 


-'^- 1 


'^(r • 


'• ^hr 


3 


V, , 


^'0 


?<, . 


" f^r 


u, 


v., . 


" fir 


1 


U, 


■ '^h 


^':{ • 


" fir 




^'.-M 


U, 1 


K,. . 


" n,. 


3 


^<2r-2 



Having determined the constants 2h^P2*"2>r} we need only 
clear equation (T) of fractions; and then, equating the co- 
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efficients of like powers of .r, obtain the usual linear equations 
from which a©, aj, ag ... a^_i are found. 

For an example, let us find the generating function of the 
series we extended in the last example. 

Put 



1 + .T -f 5aj2 + I3ar^ 4- 41 a?* + ... = 
Here 



1 -^ PiX -\- PqCT 
?/o=l, ^(i = l, ?/._, = ;■), .... 



-,=f(x). (T,) 



134-5pi+p2=0) ^' ^' 

Substituting in the second member of ( 2i), clearing of fractions, 
and finding the values of a,, and ai, we find 



/(^)^ 



_ l-x 

1 ~2i-8a^* 



85. The coefficients of the quotient Q of two polynomials 
Pi and P2? and the coefficients of the remainder B, can always 
be expressed as determinants in terms of the coefficients of 
Pi and Pj. 

The method employed in the following example is applicable 
in general. 

Let Pi = aoar^-|-aia;^-|-a2ar* + a8ar^-f «4^ + %; 

P2 = 60^ -f ^1 ^ 4- &2» + ^3 ; 



Now 


P2Q + B = P,; 


hence 


ip) 


ai = biqo + boqi, 

«2 = &2go + feigi + &o^2, 

«8 = fea^o + ^2^1 + ^iQ'2 + n» 

04= 63^1 -f- ^2^2 + ni 

. %= 63^2 + ^2. 
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From the first three of equations (p) we can find q^^ ^i, ^25 and 
then taking the first three with each of the others in succession, 
we obtain ro, n, ?\,. For example, 



&o'Vy2 = 


bo 





<'o 


; W 


i\)= 


K 








c/o' 




w 


K 


«, 






bi 


^3 





^^^i 




h. 


by 


a.2 






b. 
b. 




b, 
by 


(to 

\ 



Let the student find the remaining coefficients. 

86. The coeflacients of any equation can be expressed in 
terms of the roots as the quotient of two determinants, as fol- 
lows. The method employed is applicable in general. By 
reference to examples 6 and 7, page 37, it is readily seen that if 



we have 
1 



1 1 1 

X a /3 

^- a- /5- 

.r a" l^' 



- a 1,1^ + GoX — a. = (x — tt) {X — (3) (x — y) , 
^ - (^-y) (r-a) (a-^) Ot-a) (x-^/S) (x-y) . 



Expanding the first member, 



)8 



+..•: 1 

a" 



1 



1 I -..•-. 1 

y- j a 



1 


IT 



1 1 + ..- 1 

y \ 1" 



1 

]a /i 



y I 



= 1 I 1 1 

a ^ y 



(a;'^ — «, it-- -|- r/v-^* — '''.]) • 



From this identity the required expressions in determinant form 
are at once obtained by equating the coefficients of like powers 
of X. 

87. With the aid of determinants we readily find the sum of 
the like powers of the roots of any equation, as follows ; 
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Let Sj, 529 ff3'"f^n denote as usual the sum of the first, sec- 
ond, ... nth powers of the roots of 



X^ -f PlOf*-! -{-P2^~' + ••• -\-Pm-lX +Pm = 0. 

Then from the theory of equations we have 



(1) 



Pi -h.^1 



= 
= 

= 



From equations (-5) we obtain at once 



Sn={-iy 



(S) 



Pi 


1 





... 





2p, 


i^i 


1 


.. 





3i>3 


i>2 


Pi 


... 





Oi-l)i>«-i 


i^«-2 


i>H-3 


... p^ 


1 


n\ 


Pn-l 


Pn-2 


.. 2h 


Pi 



If in (1) the coefficient of af had been p^, we should, of course, 

have to write in the value of s„ just obtained, {^^^—\ instead 

VPo/ 
of (—1)", and Pi) instead of 1, for each element of the minor 
diagonal of the determinant. If n = J], and 7i=4, the above 
formula gives 



X>i 1 , and s^ = 
'^P^ P'l Pi 



respectively. 



7)1 1 

2p, 2h 1 

3i>3 P2 Pi 1 

4i>4 i>3 Pi Pi 



88. Equations {S) can also be employed to give the value 
of the coefficients in terms of s„ s^^ S3... s„, by solving these 
equations for the coefficients. We find 
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p.-i=? 



Si I 

S2 Si 

^H-1 ^n-2 





2 


















-4 •" 


Si ?l— 1 


3 ••• 


*2 ^1 



,^ S„-_i .S„_2 S„„3 

If, as before, the coefficient of a;" iu equation (1) had been p^, 
we would write in this value of »„, f ^^^^ | instead of i^^^] • 
If n = 3, and n = 4, 



i>3 = -7 



1 







1 






; i^4= 




Si 


1 




24 


«2 


Si 







.s, 1 
Sa s,. 









2 





Sl 


3 


S2 


Sl 



). Any differential equation of the form 

Vs + ^iVi +-X22/1 +-X02/ = 0, 



(1) 



in which y^ ^i, y^t y^ denote a function of x and its successive 
derivatives respectively, and Xi, X2, X^ are also functions of a?, 
can be reduced to an equation of the next lower order, provided 
a particular solution of (1) is known. 
Let 2^ = 2! satisfy equation (1). Then 



z^ + X1Z2 + XoZi + X^z = 0. 



C^) 



Put 



u = yi-^y^ 'y = «'^- 



Then, as above, denoting derivatives by subscripts, we have 

-V +zyi-Ziy = 0, 
-Vi + zy2-Z2y = 0, 
- 'i'2 + «2/3 + «i2/2 - «22/i - ^ny = 0. 

These three equations and (1) are simultaneous ; hence 
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A= 1 X, X, X,y !=0. 

1 z —V —Ziy 

z i) —'A^^iVi 

z Zi —z^ —I'o—z^y ^ 

Now multiply the fourth column of A by - , then add to the 

fourth column the first multiplied by 2:3, the second multiplied 
by Zo-, and the third multiplied by 2?!, and we have 

:0; 



I 


A'l 


X, 








(F 


z 


— c 





z 





~^i 


z 


'^l 


-Z.2 


-C.2 



or ^225 — Vi {Zy—Xiz) + v(z2 4- Xsz) = 0, 

which is a differential equation of the second order. 

Resultants, or Eliminants. 

90. If we have given a system of it homogeneous equations 
containing n variables, or, what amounts to the same thing, 
71 non-homogeneous equations containing w— 1 variables, it is 
always possible to combine these equations in such a wa^- as to 
eliminate the variables and obtain an equation of relation be- 
tween the coefficients of the form 

7^ = 0. (1) 

B^ when expressed in a rational integral form, is called the 
Resultant or Eliminant of the system. In 77 and 79 we 
pointed out the fact that the equation i? = must hold be- 
tween the coefficients of a system of equations if they are 
consistent with each other (simultaneous). In the examples 
of 84 we repeatedly found the resultant of given systems of 
equations. Among the most important problems of elimination 
is the following : to find the resultant of two given equations^ 
coiitainvinj a sivr/Jo variabJp, 
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We consider first 

Evler^s Method of Elimination. 
91. I. Given 

f{x) =Po^ + PiX +P2 = 0, (1) 

and 0(x) = go^ + ^i^J + ^a- (2) 

If these equations have a common root, we must have 

J— j;=(aia;H-a2), ^— ^ = (^i a; + 62) , 

in which aj, 02, 61, 62 are undetermined, since r is unknown. 
Then 

{h^x + 62) (Poa^+PiaJ +1)2) = («i» + a^) (goar^H- gi^? + ^2)- 

Whence the equations 

Mo+ — aiVo+ =0. 
&jPi + ^2Po - tti gi - ag go = 0. 

^1>2 H- ^2i>l - «ig2 — «2gi = 0. 
+^2/>2+ ^ —02^2=0. 

Hence, b}^ 77, the resultant is 

^= Po ^0 =0. 
i>i B gi go 

i>2 i>i ^2 gi 

P2 ^2 
II. In general, let 

f{x)=p,x^^+p^x^'+p^^-'^'^''' +P.-iaJ+i?. = 0. (1) 
^(x) = q,^ + q^:xf^-' +g2a^-' + - + gn-i^ + g„ = 0. (2) 

Let r be a common root of (1) and (2), and put 
fix) 



x—r 

x—r 



= a,ar-^ + a,x''^''-+ ,..-{- a„,_,x + a„,=f,{x), 
= b,af-' + h,af^-' + ... + K_,x + 6„ = <f>,{x), 
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in which the coefficients r^i, ag, •••«,„, ^,, hi, ••• &„ are unde- 
termined. Then 

A{x)<f>{x) = <f>,{x)f{x). (I.) 

From the identity (I.)^ by the theory of indeterminate co- 
efficients, we must have m + n homogeneous equations between 
the m + yi coefficients «i, cto •••«,„, hi^ b^-^bn- Hence the de- 
terminant of the system of these in + n equations must vanish 
if (1) and (2) have a common root, and the resultant sought is 
accordingly this determinant. 

As an application of Euler*s method, take the following 
example. To find the conditions that must be fulfilled when 

f{x) =PqX^ -\rlhx^ -\rP2X ■¥Pa = 0, (1 ) 

it>{x) = q,,x^ + giic^ + ^2^ + % = 0, (2) 

have two common roots. 

If (1) and (2) have two common roots, two factors of /(a;) 
must be the same as two factors of <^(a;). Hence 

{ax+b) {p^ -^-p.x^ +p.pi +p^) = (ex + d)(q^^ + qiX^+qiX+q,;) , 

where a, b^ c, d are indeterminate coefficients. Whence 

«i^^- —cqa-h 0=0. 
«y>i + ^Po — (^<h — <^% = 0. 
cqu -|- bpi — cq.> — dq^ = 0. 
ap^ 4- bpo — cq,i — dq^ = 0. 
-^bp,-\- -dq, = 0. 

From every four of these five homogeneous equations we obtain 
a determinant of the fourth order whose vanishing expresses 
one of the required conditions. Hence the conditions sought 
are expressed by the matrical equation 



2h Pi P'l 2h 

Po Pi P2 Pa 

Qi) qi (h % 

7u (/i ni % 



= 0. 
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Sylvestefs Dialytic Method of Elimination. 
92. I. Given 

Pa^ -\-Pi^-\rP2^ + P^ = 0, 



(1) 



Multiply (1) successively by .r, .x-, and (2) by x^^ a;^, x. Then 
we have the following system of equations : 

i>o^' '^-Pi^+P2^'^ +i>3-*^'^ = 0. 

Po^ +Pi^ -)rP2^+P,i^ = 0. 

q^^ + qi^^ -^ q^^ =o. 

q^i^ + q\^ '\' q2^ =o. 

qo^ + qiO^ + qoX = 0, 

We may consider these equations linear and homogeneous with 
respect to if^, aj*, x\ t?^ a;, considered as separate variables. 
Hence 



R = 



P^ 


Pi 


P2 


Ps 








Po 


Pi 


P2 


i>y 


9o 


qi 


(/2 











(/o 


qi 


q2 











qo 


qi 


(/2 



=0. 



II. In general, let 

f{x) = 2),x^-]-2>i^-^+' 



+ ^i»-i^' + gn = 0. 



(1) 



If we multiply (1) successively- by a?, aj^"-aj", and (2) succes- 
sively by a?, a^--a?"*, we obtain a system of m-]-n equations, 
linear and homogeneous, with respect to a?, a^, aj^, ...a;"*+'* con- 
sidered as separate variables. From these equations we elimi- 
nate the variables by 77 and obtain the resultant in the form of 
a determinant of order m -f- ». 
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H = 



Ih Ih iH '" lU Vn+Y Pm^- 

7>„ ... p^ 2 p„ I p^ 



7o 7i 72 ••• 7« <> 

7o 7j ••• 7»-i 7h 
7o — 7-2 7— 





7h 



= 0. 



It is evident from the form of M that the coefficients of (1) 
enter R in the degree of (2) , and that the coefficients of (2) 
enter R in the degree of (1). 

Cauchy's Modification of Bezoufs Method of ElimincUion. 
93. I. Given 

Pox' -^Pixr -^-p.X'^ps = 0, (1) 

and 7o^^ + 7i^+ 72a''+78=<^. (2) 

Transposing and dividing (1) by (2), we obtain successively 



7o 

7o^' + 7i 



pifj\rP2^H-Ps 
'7ia^H-72«+73' 

Jh^-hP'A 



q^x + 7.J 

7oar^+7i^' + 72 7;{' 

Clearing these equations of fractions, we have 

(PoQi - Mh)^^ + (Po72 - 7oi>2)« H- (Po73 - 7oi>3) 
(Poq2-QoP2)^+ [(P073-70P3) + (i^i72-7il>2)]aJ+ (i^i78-7il>3)=0, 
(Po73 - 7oP:i)-'^^" + (i>i73 - 7iP3)^' + (P273 - 72P3) =0. 

Eliminating ar and a;, regarded as distinct variables, from 
these equations by 79, we find 



=0, 
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B=\\poqi\ \poq2\ \po(Is\ =^- 

IPoQtil \2>ifh\ \p2fh\ 

The resultant is found by this method in the form of an axisym- 
metrie determinant,* whose elements are easily written, as we 
shall show by another example. Let the given equations be 



fjox* -h q^a^ + q^x^ -h q^x -f g* = 0. 



and 

We have, as before, 

Po^ -\-P\ 

qo^ + qi 

2)oX^'\-PiX-]-2h 
qoiX^ + qiX+q2 

P0^+Pl^'-^P2''^+Pr: 



(1) 

(2) 



_ PlOl^ -\-P2^ + PsX -{-P4 -] 

qiS(^ + q2^ + qs^ + q^ 

^ P2^-\-PiX-\-p4 

qox^ + qs^ + qi 
^ P^^ +i>4 

__Pa 

q^ 



qo^ -^ qi^ -^ q2x + qs 

Clearing equations {E) of fractions, we have 

li>o qM^ + \Po q2\^ + \po qsl^ + \po qi\ 



(E) 



= 0, 



Ipo ^sla?^ + [IPo Q'41 + Ipi gsl]^?^ + [li>i ^4! + li)2 ^3!]^?+ Ii>2 ^4! =0, 

Ipoq^l^ + lpi qi\^ + \p2q4\^-h\P3qi\ =o. 

Hence, as before, the resultant is 



E = 



\po qi\ 


\Poq2\ 


\poqs\ 


\poqi\ 


li^o^sl 


\poqs\ + \pi q^l 


Ipoq^l + lpiqsl 


\pi q^l 


li^o q^l 


\poqi\-h\Piqti\ 


Ipiq^l + Uhqi^l 


\p2q^\ 


IPO 9^41 


lih q^l 


llh q^l 


iPsq^l 



= 0. 



* For symmetrical determinants, see 107. 
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To form this resultant directly from the equations, write the 
two symmetrical determinants 

iPoS^il li^o^il li^o^sl li>o^4l , and \lhq2\ iPi ^sl 
\lh(l2\ \lhq-6\ li^of/^l li^i^*! Ibi^al \P2q^\ 

\pQ'h\ \ih'h\ \ih'h\ \ihq4.\ 
Ipo^/il li>i^4l \ihq^ \ihq4\ 

formed from the coefficients of (1) and (2) in an obvious and 
easy way. It is then evident that R is formed from these two 
determinants by adding the elements of the second to the four 
inner elements of the first. If the equations are of the fifth 
degree, the student will form the resultant in the same way 
from the three determinants 



li->o7il \ihq^^ \ihq-i\ l/>o74l \PQqo\ 

iPo^al li^ogsl \pQq^ Ipo^iul li>i^5l 

IPo^al li>0.^4l IPo^oI IPl</ol \P2q^o\ 

ii?0^4l IPo^isI li^l^ol li>2 9oI \Pzq5\ 

\Poqo\ \piqo\ \p2q'.\ li^a^/J \Piqo\ 



\Plq•^ \piqz\ \piqA\ 
\p\q^ \piq4\ \p2q^\ 
\piqA\ \p2q4\ \pzq^ 



by adding the third to the middle element of the second, and 
then adding the elements of the second to the nine inner ele- 
ments of the first. This process is, of course, general. 

From the preceding examples we see that by Bezout's method, 
the resultant of tivo equations^ eacJi of the nth degree^ is a syni- 
metrical determinant of the same degree whose elements are either 
determinants of the second order or the sum of such determinants, 

II. If the two equations are not of the same degree, suppose 
we have given 

PoX^ +i>iur^ -]-P2^^ -hPs^ -hlh = 0, (1 ) 

q^^^ + qi^ -hq-i =o. (2) 



Multiply (2) by xr ; the equations are then 

Po^ + Pi^^ -hlh^ +i>.j-*' +Pi = 0, 



(ii) 
(2i) 
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From (li) and (2i), 






Clearing these equations of fractions, we have 

\p^q2\^-\-\ \pi q^} - q^pfil ^ - (qoPi + qiPs)^ - q^p^ = o. 

AVith these equations consider (2) multiplied by aj, and (2), 

qo^^-bqi^-^q2^ = ^^ 
qo^-\-qix +^2 =0. 

From these four equations eliminate x^, or, .t, and we have 



E = 



\poqi\ lihq-l qoPii 

\poq2\ \piq2\-qoP'3 quPi + qiih 



qi) 





qi 

qo 



-qi 

-7i 



qoPA 
qiP* 


-q' 



= 0. 



• + 



+ qn-1 ^ + qn = 0, 



III. In general, let 

in which m is greater than ii 
(2) becomes 

From (1) and (20, 

PO ^ 22l^ll±Pl^l_l±: ' ' +J!rn-l^_±P.n 

qo qi^^~' + q2^~' + ••• + g„-i a;"»-"+^ > q,,X 



(1) 

(2) 
then 



Multiply (2) by x"' 
■¥qn i.r'"-"+^ + (/,,.T"' ". (2i) 



^0-^' + 71 qox'"'' -f- <73a5"' + ••• + gn-iaj'" 



'+qn^ 



Pi^ ^+Pia^ ^+ ••• +/>„-5Hr+Pn-i P„a;- »H-p„^iX"»-»-i-f ... +p,„ 



Qifl^^'-hqi^^'h ••• +7»-2i»+-^/n 1 



7n^' 



Digitized by 



Google 



118 THEOKY OF DETEIIMINANTS. 

Clear these equations of fractions, and consider with them 
the following m — 7i equations obtained from (2) bj* multiply- 
ing it in order by 1, .r, a^, •...r™ "~\ 

qoX'^ -f q, .X- '-]-'"-]- 7«-i .^' + qn = 0. 

From these m equations the resultant is obtained by elimina- 
ting the m— 1 successive powers of x regarded as separate 
variables. 

The Resultant in Terms of the Moots. 
94. Given 

/ = 2^^" + Pi ^•'"-' + • • • + Pn.-l ^ +P,n = 0, (a) 

<^= 7oar" -f r/i.T«-i -f ... +9,.^,.r +7„ = 0. (h) 

If tti, ou,, ...a^ are the roots of (a), and /^i, /J21 •••/3n are the 
roots of (6) , we have, of course, 

/ = Poi:^ - tti) (-^^ - oa) • • • {X - a„) , (tti) 

<^ = <7o(aJ~A)(a^-A)-(^--i8„). (61) 

Now, if in go ^'" + 7i ^" ~ ^ H h g» - 1 ^' + g« we substitute 

successively aj, 02, ... amj ^ takes the m corresponding values, 
^(tti), <^(a2) ...<^(a„). With these m values as roots we can 
form an equation of the with degree in ^, This equation may 
be found as follows. Forming the resultant of 

Pox"^ -\-Pi^'" ' + ••• + A.- ix -\-2K = 0, (1) 

qox"" -\-qiX"-^ H h g„-ia; -f g„- <^ = 0, (2) 

by 92, we have 
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B.= 



Po 


Pi 


P2 ' 


• Pn 


Pn+l 


Pn+2 





Po 


Pi' 


• JPn-1 


Pn 


Pn+l 








Po- 


• Pn-2 


Pn-l 


Pn 



9q Qi Q2 ••• fy»— <^ 

qo Qi ••• ^«-i g«— ^ 
(/o ••• qn~2 qu-i qn-<f> 



= 0. 



This is obviously an equation of the mth degree in <^, whose 
roots are <^(ai), <^(a2)5 ^(o^), ••• ^(a^). . The absolute term T 
of this equation is the product of its m roots multiplied by a 
factor. 

But from the determinant /?i, 

Again, since JKi becomes identical with ( — 1)"*-B of 92, II., 
when we have made <^ vanish, we see that 

^ = Po"<^(ai) <^(a2) ••• <^(a,„). 

In just the same way we can show that 
and hence, after suitable interchanges of lines, 

i?= (-l)-.;oV(A)/(A)-/()8n). 

95. These forms of the resultant R may be obtained by 
symmetric functions, as follows : 

/(aj)=po^--+i>i«"-'+i>2«"~^+ ••• +i>«*-ii»4-p«.= 0, (a) 
<l>{x) = goa^ + qi^-^ + q^^-"" + - + qn-iX + ?« = 0. (6) 

Then ai, aj, •••a„ being the roots of (a), and ^i, ^Sg? •••iS« 
the roots of (6), 
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f(x)=po{x-a^) (a;-a,,)---(a;-aj, 
<t>{x) = q,(x^ P,) {X- p,) •- {X- p,). 

Now, if (a) and (b) have a common root, the product 

/()8.)/()82) -/(/Sn) = P 

must vanish, since in that case some one of the factors vanishes. 
The same statement applies to the product 

<^(aO<^(a2)...</>(aJ=P,. 

But f(Pi)=Po (A - «i) (A -a2)- (A - a J , 

/(i82) = Po (A - aO ()8, - a,) . . . (^2 - a,«) , 

/(/»») =i^(^. - «i) (/?« - «2) - (^u~ ««) ; 

also <f> (ai) = ^0 («i - ^i) (ai - AO •••(«!- A.) , 

<^ («2) = (h ("2 - A) («2 - ft) • • • («2 - ft ) , 

<^K) = 7o (a™- ft) (a« - ftO - («« - ft.) . 

P is accordingly made up of imi factors of the form ft -- a.. 
We may therefore write 

P = Po"n(ft.-a.), 

where r has all integral values from 1 to ii, and s has all 
integral values from 1 to m. P is moreover a symmetric func- 
tion of the roots of <^ (a;) = 0, and can .therefore always be 
expressed as a rational integral function of the coefficients ; 
and since it vanishes when /(a*) = and ^(.t) = have a 
common root, and not otherwise, when P is expressed in terms 
of the coefficients, P is the resultant of (a) and (/>) . In the 
same way 

Pi = r/rn(a, - A) = (-l)'»VV*n()3,- a,), 

where s and r have the same values as before. Hence we may 
write the resultant 

i? = (-l)'""go"'/(ft)/(ft)-/(ft)=iV</>(ai)<^(a2)...«A(aJ, (A) 
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for both these expressions are rational integral functions of the 
coeflScients of f{x) and <^(a;), which vanish when /(x)=0 
and <^(aj) = have a common root, and not otherwise, and 
which become identical when expressed in terms of the co- 
efficients. The value of R can accordingly be written 

±i?=^),V/o'"n()3,-a.). (5) 



Properties of the Resultant, 

96. I. By reference to the forms {A) , we observe that the 
coefficients po? PvPm of equation (a) enter the resultant in 
the ?ith degree, and the coefficients go» Qi"'QnOf (6) enter the 
resultant in the mth degree ; moreover, we readily see that 
(_!)*»« gr^j«p^'* is a term from the first form of the resultant, and 
Po" (/»»"* is a term from the second form ; hence, given tico equa- 
tions of degree m and n respectively^ the order of the resultant R 
in the coefficients is m + n ; the coefficients of the first equation 
are found in R in the degree of the second, and the coefficients of 
the second equation enter R in tJie degree of the first, 

II. If the roots of (a) and (b) are multiplied by A:, R is 
multiplied by ^^". Since each of the mn binomial factors of 

±i?=i>o"go~n()g,-a.) 

is in this case multiplied by A;, the truth of the statement is 
obvious. This result is frequently expressed by saying the 
loeight of the resultant is mn.* 

III. If the roots of (a) and (b) are increased by A, the resul- 
tant of the transformed equations is the same as the resultant of 

*the original equations. This, too, is obvious, for none of the 
factors of R is changed when both roots are increased or 
diminished by the same number. 



* By the weight of any term is meant the degree in all the quantities 
that enter it. The weight of aU^c^ is 6. 
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IV. If the roots of (a) and (b) are changed into their recip- 
rocals, the resultant Rj of the transformed equation is ( — l)*"**^. 

Putting 2/=-, (<() and {h) become respectively 

X 
<f>(y) = Qur + qn-l r-' + 7n-2 y"-' + - + 7lZ/ + <70 = 0. (60 



AVhence 






But 



r«. , X (-i)"'i>». . .Oft ox (~i)"gn 

(«1«2 •••««)= 5 {PlP2"'Pn) = ' 

Po Qo 

.-. i?i=i>o"7o™(-l)"'"ll(i3.-a.) = (-l)'~"/^; 

hence the resultant of the transfo)ifiied equations is identical with 
the resultant of the original equations^ or differs from it only in 
sign^ according as mn is even or odd, 

97. Of all the methods of elimination given, the dialytic 
method is the most direct. Another advantage of this method 
is that it may obviously be employed to eliminate one of two 
unknowns from a pair of equations, as in the following example. 

Given 

2\,x^ + Pi ar ?/ -i-poxy' -{-jhf = ^. 

q(s^-\-qi^y -{-q-if +q-^ =o. 

To eliminate x we form the following equations : 

2\:i^ -\-lhx^y -j-ih^y" +lh'W' = ^' 

Po^^ +Pi^y +P2xy"+p?,f =0, 

q^s^^ + ^i^'^iy+fer + Q's)^' =0^ 

q^a? +g'iicy-f ^22/^ + ^3 = 0. 



Digitized by 



Google 



APPLICATIONS AND SPECIAL. FORMS. 



123 



Whence 



i>0 


PiV 


P2f 


Psf 








Po 


PiV 


p^y" 


Psf 


^0 


QiV 


q^f-^qz 











Qo 


qiv 


q^y-^-q^ 











qo 


q\y 


q2y' + qn 



= 0, 



an equation containing only y, 

98. The same method is also frequently applicable to the 
elimination of n — 1 unknowns from a set of n equations, so as 
to obtain a final equation with but one unknown. It will afford 
the student a ^ood exercise to find from the three equations 

«i ^y •+■ ci^xz + 0-3=0, ( 1 ) 

yz — a^x = 0, (2) 

ci-iXy + a^x -\-aj =0^ (3) 

a final equation in y, as follows : First, eliminate x from (1) and 
(3), and also from (1) and (2), obtaining two new equations 
in y and z. From these equations eliminate «, and obtain 

- (as2/+«6)<^«7 «5^a32/^+ ((^iCfi'-\'2^ti(^50&)y+a^aQ' 

an equation in y of the seventh degree. ~ * 

99. A further interesting application is found in the follow- 
ing examples, in which three variables are eliminated from as 
many equations. Given 

Xi + Xo -f iCg = 0, x{' = a, x.? = 6, 
Multiplying the first equation successively by 
u'l, i^^, x*3, a;ia;2'*'3» 
and substituting from the last three, we get 

n-^Xi a*2 -f a^iiCg = 0, 

b + .TiO^, + ^'2^3 = ^f 

C -h XiX^ -f- CCgiCg = 0, 

CX1X2 + bxiXQ -f aXiX^ = 0. 



.2 = . 
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Eliminating XiX^^ ^i^a^ ^'2^39 



a 


1 


1 





b 


1 





1 


c 





1 


1 





c 


h 


a 



=rO. 



Had we multiplied the first equation successively by 

9 2 39 *^l t)9 •vj^^29 

we should find by eliminating aJiajgara, x^, x^, a^, 

= 0. 






1 


1 


1 


1 





c 


b 


1 


c 





a 


1 


h 


a 






If the original equations are 

^i + Xo -f iCy = 0, Xi^ = a, ic/ = ft, iBg* = c, 

one form of the resultant is obtained by multiplying the first 
equation successively by 



•^19 "^29 •^39 "^2 "^S 9 "^l ^i"^ "^l "^2 9 '^1 •^2*''39 •^l3/2 2/3, XiX2X^ j 

and substituting from the last three. Then by eliminating 



^1*9 ^2 9 ^S 9 



we find 



'^2*^IJ9 "^l '^o9 '^1*^29 •^1*^2* "^3 9 "^1 •^•'^ J "^l •'^ '*'3t 



10001 1000= 0. 
10 10 10 
1110 
OcftOOOlOO 
cOaOOOOlO 
6aOO 0001 
a 1 1 
ft 1 1 
c 1 1 
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100. For a final application of the dialytic method we select 
the following. 

Given -y/a^x -f Oj -f- V&o^* -f ^i + ^o = 0, 

to free the equcUion from radicals^ we may proceed as follows. 
Put . ■V<hX'{-ai = yi, ■y/box-^bi^y.j. 

Then we get at once 



Vi +^2 -f co = 0, 
yi^ — OuOJ — ill = 0, 
y2 —%x — hi = 0. 



(1) 

(2) 
(8) 



From (1) and (3), 



1 — &0* — hi 

1 yi + c-„ 

1 )/i + Co 



= 0. 



(4) 



Eliminating yi from (2) and (4), we have 



1 2ct, c^^h^x — hi 

1 2c,) Co^ — ^0^* — ^1 

1 —a^x — ai 

1 — a-oiB — tti 



= 0, 



which is the equation sought. 
In general, given 

PiV/,(^)+i->.V7;(^ +ih-vj(x) + ... +p:vfjx) = i?, 

in which i\^ r^-'-r^ are integers, and /i(a;), /aCx) •••/»(») are 
rational integral ftinctions of a;, we may rationalize the expres- 
sion as follows. Put 

f{^) = yi**'. f2(^) = 2/2*"% - fn(x) = ;?//». 
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Then we have a system of n equations, from which, together 
with 

Jti!h -^-IhUt H VVhU. = i?, 

we eliminate the n variables yi, y^., "-ynt ^^^ obtain a resulting 
equation in x without radicals. 

Discriminant of an EqucUion. 
101. I. Cxiven 

J\X) ~y;,x''+7),^»^+i.,.r" 2+ ... +y>«_iX-f^, = 0, (1) 

and the first derivatives of f{x) , or 
f\x) = nj),r>^-'+{ii-'l)p,x^'--^{n^2)p^-^-{-^^.-^p^_^. (2) 

Then the resultant R of f{x) = and f\x) = is called the 
fUscriminant of f{x) = 0, since, if E vanishes, f{x) = and 
/'(a;) = have a common root, and hence /(ar) = has equal 
roots. 

Forming the resultant of (1) and (2) by 92, we have 

E = 

' Pv Pi P> '" Pa 2 Pa -I i>„ 

Pu Pi '" Pn-S Pn-'J Pn-1 Pn 

Pi) "• Pn A Pn-Z Pn-1 Pn^l Pn 

np^ (n-'\)pi (71 -2) />,... 2p„ o Pn-i 
vp,, {n—\)pr"^^PnP. ^^Pu-i Pn I 

itp,, ... 4^,.. 4 'Sp,_.. 2p„ . p„ 1 

in which the first (>i~l) rows are formed from the coefficients 
of (1), and the last n rows from the coefficients of (2). 

Now multiply the first row of B by ?*, and subtract it from 
the nth row ; the ?ith row becomes 

-i>i -22h in-^)Pn-2 -'(n-l)p,,, -vp,, ... 0. 



Digitized by 



Google 



APPLICATIONS AND SPECIAL POBMS. 127 

Hence R is at once reducible to a determinant of order 2n— 2 
multiplied by po ; calling this determinant A, we have 

Now -B = Po"-y(ai)/' («,)/'(««) .../'(a„) ; (94 or 95, A) 
andsmce /'(a.) = -_^+ __ +-_^+ ... + ^^^^; 



/'(«]) =i>o(ai — 02) («! — «3) ••• («! — a« 1) («! — tt«) 
/ (a2) = Po (^2 — cii) ("2 — a«) • • • (ay — a„ _i) (a, — a„) 

/'(oi^i) =Po(an-i — tti) (««-! — "2) ••• (au-i — <*«-2) (««-! — ««) 
/' (an) = i?o (an — ai) («» ~ a2) * ' ' (»» -- an-2) (»« — ttn-i) 



.{E) 



If we multiply equations (E) together, we see that the second 
member of the result will contain the product of the squares of 
the differences of the roots ai, og, ...a^ of (1). Employing the 
usual notation for this product, viz., ^(ai, 03, og, •••a,J, we have 

f'Mfia,) .../'(O = (-l)^'<"-^Va«n «2, a„ ... aj ; 
. ... A = (-l)^^'*-^>i)o'"-^f(ai, a,, ag, ... a,.). 

II. The discriminant of an equation can also be obtained as 
follows : 

f{x) = 0, (1) and r(x) = 0; (2) 

being simultaneous equations when f(x) = has equal roots, 
the equation 

Hf(x)- .r/'(a;) = (3) 

is also consistent with (1) and (2). Now (3) is an equation 
of the (n — l)th degree; and finding the resultaut of (3) and 
f\x) = 0, which is also of the (n — l)th degree, we obtain the 
discriminant A as a determinant of order 2n — 2. For an 
example, we shall find the discriminant of the cubic 

2)oX^ H-l)ia^+P2« -\-Ps = 0. 
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We have to find the resultant A of the equations 

3poar -h 22hx + p., = 0. 
^ = i i>i 2^), 32>, 1 = 0. 

I 3po 2^>i j>,, i 

By the same process we find the discriminant of the biquad- 
ratic p ^ ^^^^^ _^ _^^^^ ^,, _^ ^.^^^^., _j_ ^^^^^. _^^^^ ^ () ^^ 

to be 

^ = - p^ r>i>i 3i>, p, ' = 0. 

I y>„ 3j)i :57>,, 7>.5 ! 

' j>o ;3j>i 3^). j>., I 

' Pi '^P'2 '5y>:} i>4 

p, 32>, 3p, 2h 

.0 2h ^P'2 ^P:l lU , 

This is aecordiugh' the same as 7'* — 27./" = 0, wliere 

J ^ P0P2P4 + ''^PiP'jPii - P^lh' - Phh - i>/'' 

102. AVe may show that ,/=() is one of the necessary con- 
ditions when the biquadratic P = of the preceding article has 
three equal roots. Since 

P = p, X* + 4 p, X' + Gp, Jr + ■i2>, x-\-2>, = ( 1 ) 



* lu many processes it is found more convenient to write a given func- 
tion in the form of this equation, i.e., 

4- "- {n — 1) ;;„-2^'^ + np„.ix-\-p,„ 

in which each term is multipHed by the corresponding coefficient in the 
expansion of (ar+l)". Any given polynomial can, of course, be at once 
reduced to this form. 
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has three equal roots, two of these will be roots of 

2\x' + '^Pi^ + '^Ih^ +P'6 = 0, (2) 

and one of them is a root of 

p^x'-ir'hhx^p., = 0. (3) 

From (2) and (3) this root is also found in 

i>ia;'- + 22;,a:+p, = 0. (4) 

Multiplying (3) by or, (4) by 2ic, and adding, we obtain 
^^(Po^ + '^Pi^ +P2) + 2 x(piar -|- 2^^^ +^3) = 0. (5) 

Now adding ^2^ + '^Ih^-hPi to the first member of (5), we 
have, since P= 0, 

Hence, if (1) has three equal roots. 



PqX^ -\- 2piX +^2 = 0, 
PiX^ + 2p2X+Ps = 0, 
2h^^-\-''^PsX-\-2h=0. 

or ,/ = 0. 



Pa Pi P2 

Pi P2 Ps 

P2 Ps P^ 



= 0, 



The other condition for three equal roots of (1) is accordingly 
7=0. 

103. The resultant of a system of n homogeneous equations, 
one of which is of the second degree, and the remaining n — 1 
are linear, may be obtained as follows. Given 

P = 2^o^^-\-PiU'-\-2h^^ + ^(h'^y-\-^^fh'^z-\'^<i2y^ = 0, (1) 
P,= a,x +b,y -{-c,z = 0, (2) 

r.2= UoX -h boy -hM = 0. (3) 

Differentiating (1) with respect to x, y, z in succession, and 
remembering Euler's theorem on homogeneous functions, we 
obtain 

7^ = x(2^o'x + (Joy -\- (jiz) + y (fjo^ +piy + 72«) 
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Equations (2) and (3) and (4) are simultaneous homoge- 
neous equations ; hence, by 77, (4) must be expressible linearly 
in terms of (2) and (3), and 



^1^1 + ^2^2 = 



(5) 



is an equation identical with (4) . Equating the coeiUcients of 
(4) and (5) , we have the following s\ stem of equations : 



Pq^ + q^y + gi« — ^1 tti — ^oOa = 0, 

go« -\-Piy + q^z — ^i6i — Oohi = 0, 
qix -{- qoy + PiZ —OiCi — O2C2 = 0. 



(E) 



Now, taking equations (2) and (3) with equations (E), we 
have a system of five homogeneous equations. Eliminating 
aJ, y, », Oi, ^21 the resultant of (1), (2), (3) is 

Ji = Pit fjo <h «1 0'2 

qo Pi qz ^i ^'i 

I 7i g2 Pi <^i C2 

«! 61 Ci 

I a2 62 <^2 

In general, let the system of equations be 

f{x)=p^x^ -{-P2X2- -i-PsXs^ -{ \-pnXj + ^qi^iC2 



+ 2q2XiXs-\- 



+ 2q.^^^x^_iX„ 



Pi =aiXi -\-b1X2 -^-CiXs + 
Pg = a^Xi -\-b2X2 +020:3 + 



= 0, 
+ ^i^\ =0 

+ kXn = 



^»-i = a„_ia;i + K_iX2 + c„_iX.^ H \-I„ iX„=zO 



(«) 



We have, as before, if /a;.' denote the differential coefficient 
vf f(x) with respect to a^f, 



XiA' + ^2 A' + x,f^J + .- + itv,/,; = 2/(0.-) = 0. 



(&) 



Since (a) and (b) constitute a system of simultaneous 
Aomogeneous equations, (6) considered linear with respect to 
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the variables, must be expressible linearly in terms of the 
w — 1 linear equations of (a) . Hence (6) is identical with 

Equating the coefficients of (b) and (c), we obtain the n 
homogeneous equations 

Pi^i + qiX3+Q2^3-\ h^n-1 a;„= (hOi+ 0^2+0^3-^ f- ««-A-n 

QlXi +P23C2 + qnX3'^ h^2»-l»» = V1+M2 + VsH H K-A, 1, 



These equations, together with the w — 1 linear equations of 
(a), form a system of 2n— 1 equations between ajj, X2^ ••• a^, 
^1, ^2) ••• ^»-i. Hence the resultant of the given system is 



Pi qi 


q'2 ' 


•• qn-i 


«1 


C5 


•• «H-1 


qi P'2 


qn ' 


•• q-in-i 


^ 


6,, . 


•• K-i 


q-i qn 


Pii ' 


•• qr.n :; 


<*l 


r.^ • 


•• <^n-l 


q»~i q2n -1 


q^n-t, ' 


•• Pn 


h 


^•.' • 


•• /,.-! 


«i ^h 


('i 


•• h 





. 


. 


a, b. 


<^'2 


.. I, 





. 


. 


a»-i ^«-i 


<'n.l ' 


•• /.-I 





• 


. 



Special Solutions of Simultaiieous Quadratics. 

104. By the help of a special expedient we may often solve 
a pair of simultaneous quadratics much more rapidly and ele- 
gantly with determinants than by the ordinary methods. The 
following examples will serve to exemplify the method em- 
ployed, and are, moreover, such forms as occur frequently. 
A, Find x and y in 

aiX-\-biy _ Ml \ 

a^x + 62?/ "~ ma J . (1) 
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Let / be such a factor that 



From (2) 



(ux + h,y =f 7)1.2 ) 



(2) 



/ 



till hi ] 



/ 



V = 



03 m« 



la, ^>J 
Substituting in tlie second equation of (1) 

rD 



/•A 



i^. Solve the equations 



^ = 



rA 



iVZF+A' 



aiX-\-biy = vt^xy 
a^x -\- b2y = mgicy 



(1) 



Divide these equations member by member ; then, as before, 
put 

thx-\-hyy=^fmi^ ^ 
a.,x -|- h^y = /W2 J 



(2) 



/. it* : 



/ I ^'M ^2 I 



/I «1 ^2! 



ai b., I 
From the first equation of (1) 






mj I ?)ii &2 1 1 ^'a ^2 1 



I ^^1 h I 
I ai 7110 1 



2/ = 



\th 62 I 
I wii 62 I 



A shorter solution is obtained by dividing each equation of 

(1) bv xy^ and solving for - and -. 

X y 
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a^^ 



+ Oiy = mi I 



Write these equations 

Oyx -\-biy =mi| 
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(1) 



(2) 



Then a; = 
We have 

Henxje 

From which 
Again, 



I m-i bi 

Ui2 ^22/ 



y = 



CTo^ ^2 I 



f^= ""' ^' ^ 



x^ —mi 62 2/ = — ^^2^1? 
7niCt2X-{- i^y = ttimg, 
a^biX — aibiy == — A. 



A —mi 62 ^%^i 
mia2 A — aim2 
tto^i — ai&2 ^ 



= 0. 



A = ± ^ai^b^m^ + bi^a2m2 — m{^a2b2 



UiX + &!?/ =mi, 
ao^i^ — f'^1^2?/ = ~ A- 



aj = - 



mi 5i 



2/ = 



ai ?wi 



Ai ' " Ai 

I). Solve the equations 

aiX'{-biy = mi | 

ttaOJ + ^22/ + ^2^ = mo j 

These equations we write 

aiX-\-biy =m 



(- 



a2?>i — 



ciibo 



(a2-{'Coy)x-\'b 



= mi I 
•2/ = W2 ) 



(1) 



(2) 
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.V = ; 



As before, 

(A 4- mi C2) y — cti wjg + wii «2 =0, 
— hiC^y 4- «! ^2 — ^2^1 — A = 0. 
Whence 

' A 4- ^ii C2 mitts — ai Wis i = ^? 

4 — 61 C2 rii ^2 — 02^1 —A 

a quadratic from which A is found. 

I Wli 62 I I «! ^>i2 I 






, X : 



A +?niC2 



Example B above can also be solved by the method of this 
example. 

E. Solve the equations 

(la^ + bxy + nf = fZ 1 . /jx 

ea^ + fxy + gy- = h j 

Equations (1) may be written 



:i^ -\'2aoXy -^boy' 



= nil 1 

= ml } (^) 



by easy reductions. We introduce the factor 2 for convenience 
in calculation. A solution analogous to D could be given. 
Whatever the coefficient of ocy, it can, of course, be at once 
reduced to the form 2ai. We write equations (2) 

.r (x + aiy) H- y (aio; + b^y) = m^ j 

X (x + a^y) -f 2/ (aoo: + b^y) = W2 j * ^' ^ 

Then 

I mi aix + 6i2/j jaj + aiy mi I 

I m2 ttoX + ^22/ 1 I in -|- a22/ ?W9 1 
x= '- ; 2/ = f '-; 
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A= x + ttiij aix + biy\ 

[A + 1 a^ma I] a; -|- | bi'nu I y = 0, 
[m-o — mj aj -|- [ I <Xi wi2 1 — A] ?/ = 0. 
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Whence 



Solving this quadratic, 



A-^\ai7tu\ l&iWigl = 0. 



Now 



A = ± VI aimgl^H- I &im2l(mi— mg) . 

__ I mi 62 1 2/ 
A+loimgl 



Substitute this value of x in the first of equations (2) , and 
we have 

\mM^f 2ai\mib2\y^ , , „ 

(A-h laimol)- A-h |ai?n. I 

a pure quadratic, from which the value of y can be found 
at once. 

105. To the solutions of the last article we add the follow- 
ing, in which one equation is a quadratic and the other is a 
cubic. 

Find the values of x and y \n 



^ + xy + r ^ ?^i ) 
a^ — xy -\- y- ?% \ . 

From the first of equations (1) 

x(x-^y) + y'y = Awii 
x{x-y)-^y'y = \m2 



(1) 



(2) 
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X = 



We have 



m, y 
m.y y 



; w = (A=l ^^^ ^,=2?/-.) 



x^ — X (mi — W2) 2/ = 



.0} 



(3) 



Whence 



I A — \ (??ii — ?«2) 

I \ (mi — ?»2) A — A (7>Zi 4- vio) 



= 0. 



From this equation 



^ — T [9/I1 4- 7)7.2 ± VlO ?ni 7^2 — 3 V^ii^ — 3 ?»2^] . 



Now, since 



A = 2?A 



we have to fnid the vaUie of A in order to complete the 
solution. 

From equations (2), and the second of equations (1), 



X + y = 



a" 
Amo 



xy = - (771, — m.) 



(4) 



From equations (4) , and the first of equations (2) , we get 

A — 3^ =r ; 

V i (3 7?ii m2' — mj') 

and hence 

?/ = ± - (mi -f- w.,) ± Vl077iim<2— 3 mi'— 3 ?»2^ 



N^ 



V^(3??iim2^— ^Uo'O 



a; may be found from the second of equations (1), or from 
the first of equations (3). 
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Solution of the Cubic, 
106. The general cubic equation 

p^x^ -fpi ar -\-poX -\-2h = 
is always reducible to the form 

We are therefore only concerned with the solution of (2). 
The determinant equation 



A = 



X 


Oi 


ag 


a^ 


X 


a. 


ai 


02 


X 



= 



is identical with 
We have 



0) 

(2) 



(3) 



x"^ — Saia2X-\- cti -f- a/ = 0. 

A = I ic -f- ai -j- «2 ^h % j ; 
j X + aj + a-o X ai 

! X + Cii + ((2 Cli X I 



hence x + cii + 02 is a factor of A. 

Again, let a be one of the imaginary cube roots of unity ; 
then the other is or. Substitute aja, ccoo.^ for a, and do re- 
spectively in A, obtaining 



A'= 



X rt 1 a cio or I = x'^ — 3 ai a^ a^ x + a^ a^ -+- a/a^ = A , 
,2 



a, a a,, a 



a; a, a 
2 o. 



since a*^ = a*** = 1 . Whence 



A = I aj + ttitt -|- a2a' a^a a^a" 
j a? -|- ajtt + aott^ a; a^ a 

.T 4- «i a H- (f 2 tt- t«2 <Ji' X 
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and hence A is divisible by if-f-aia-f-aga^. By substitating 
aioP and a^a for ai and aj respectively in A, we obtain a 
determinant A", which is shown equal to A in the same way 
as before. 

Hence aia^ -^cioa + x is also a factor of A. 

Accordingly, 

A = Jc {x -\- ai -\- a,) (x -|- aja -|- Ooor) (x -j- ciior -|- a^a) , (4) 

where A* is a numerical factor. Comparing the tenn a^ of A 
with the term x^ in the second member of (4) , we see that k=l. 

.-. x^ — Saia2X-\- Gi^' -f- «/ = (ic -h tti -f ao) {x + aja -f aga^) 

(a; -f- a, a^ -f- a^a) . (5) 

From (5) we have at once 

x = — Qi — Ojj, — otitt — o-ja^, — ajtt" — ttgtt. 

Now applying this result to the solution of (2), we put 

f/i = — SaiOo, g2 = tti^ + «2^ ; 
whence 



Hence, finally, the roots of (2) are 



^-f->l¥+i' ^-^-rWi'^ir' 



\ 2 \T-'-27 2 + ^-^-^^T+f? 2 ' 



>! 2 XT + ^T 2 +> 2 + \T + 27 2^" 
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Ssnnmetrical Determinants. 

107. When we regard the square of elements that make 
up a determinant, it is natural to inquire what special proper- 
ties, if any, the determinant possesses when we suppose the 
elements not all independent; in other words, what special 
forms arise when we suppose certain relationships to exist 
between the elements, and what are their most important prop- 
erties. Among the special forms very frequently met with, 
especially in Geometry, are the Symmetrical determinants. The 
symmetry here referred to is first, symmetry with respect to 
the diagonals^ and second, symmetry with respect to the inter- 
section of the diagonals^ i.e., the centre of the square. Two 
elements, so situated that the row and column numbers of the 
one are the column and row numbers of the other, are called 
conjugate elements. Evidently the line joining two conjugate 
elements a,., and a^^ is bisected at right angles by the principal 
diagdnal. If in a determinant a„ = a^^, then the determinant 
is axisymmetric, or simply symmetncal. The definition of a 
symmetrical determinant is extended so as to mean symmetry 
with respect to the secondary diagonal also, so that a deter- 
minant is symmetrical if for each element there is an equal 
element so situated with respect to its equal that the line 
joining the two is bisected at right angles by one of the diago- 
nals. The following are symmetrical determinants : 



«1 


h 


Cl 


d. 


9 


Chi 


«12 


«13 


a,4 


5 


«1 


h. 


Cl 


d. 


&l 


h. 


Cj 


di 




a,2 


«13 


«14 


«24 




a^ 


h 


^2 


Cl 


<"l 


C'2 


C3 


d. 




«13 


«14 


^24 


a,H 




«3 


h 


h 


h 


'h 


(1, 


(h 


C?4 




^'14 


a,,4 


«34 


«44 




(k 


03 


«2 


(h 



108. We have already had a number of problems whixjh 
gave rise to symmetrical determinants. The student may refer 
to the last determinant in example IV., 84, to the first deter- 
minant of 84, VII., to the form of the resultant obtained by 
Bezout's method of elimination, 93, (I.), and to the value of 
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</, 102, for illastrations of how symmetrical determinants 
occur in practice. Again, we have 

which is obviously symmetrical. It is easy to show that the 
square of any determinant is a symmetrical determinant. Let 

\aj'=\bj; 

then we have to show that b,, = b^,. 

6,., = a^ia.i + a^a,2 + a^a^ -f ••• + ama,^, 
b,r = a.itt^i + a,oa^ + a^ctra + ••• + «.»«r» I 

whence the proposition. An obvious corollary is that any even 
power of a determinant is a symmetrical determinant. 

109. It is evident that conjugate lines (a row and a column 
having the same number) in a s^^mmetrical determinant are 
composed of the same elements in the same order. Consider 
now two minors M and My of any determinant such that the 
rows and columns erased to obtain M are the columns and 
rows erased to obtain My. Then 



M = 



"/y 



'^/A 



, and 3fi = 


a„ a„ ... 




ov «»» - 




«</ «.v - 



Now, if the determinant is symmeti-ical, so that a„ = a„., 
we have M= JHfj, and, in particular, -4„ = -4^; or, in a sym- 
metrical determinant^ conjugate minors are equal. From this it 
follows at once that the reciprocal determinant is symmetrical. 
Further, it is evident that minors whose diagonal lies in the 
principal diagonal of a symmetrical determinant (coaxial minors) 
are themselves symmetrical. 
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110. We may show that tlie product of a symmetric deter- 
minant by the square of any dMerminant is a symmetric determi- 
nant, as follows : 

Let 1 «!„ I be a symmetrical determiuaut, and put 

I aj X I aiJ = I CyJ , and I aj X lai,J2 = | bj. 
Then 

^ik = a/iCfci 4- aj2 C;t2 + «i3^«3 4- • • • + a<»Ct„. ( 1 ) 

In (1) substitute the values of c^i, c^g, ••• c^, and we have 

^ik = (^*iia*i + «i2a*2 + «13<**8 + • • • + «!»«*») a<i 
+ 

+ (^«ia*l + f-^n^ia + «»i3a*3 + ••• + <*nn«*»)aiH? 

= (ttiia.! + «2ia,^ 4- «3ia.3 4- ••• + «nl «<»)«*! 
4- («i2art + <*22«e 4- a32a»3 4- ••• + ^naOin )at2 

+ 

4- (ai„a,i 4-«2»ai-3 + «3nao + •*• 4" a»na<i»)a*n« 

Since a^ = a«, this sum becomes 

a*iC<i + ttjgCfa 4- ••• 4- aA„c,.„ = 6„. 

Whence I &i„l is symmetrical. 

From this and lOB we see that any power of a symmetrical 
determinant is a symmetrical determinant. 

111. Cauchy's theorem for the expansion of a determinant, 
example III., 63, assumes a somewhat different form when 
the determinant is symmetrical. Thus, instead of 

A = rtooA'- 2a,t)aot^«, 
we have, when A is symmetrical, 

A = ttooA'— 2a«M« — 22a<oa4o-4<t, 
in which, as before, i has all integral values from 1 to n, and 
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for ik we write the different combinations of the numbers 
1, 2, •-• n, taken two at a time. 
For example, 

a h ^ I = ftbc — tt/*^ — hi/ — cir -f- 2fgh. 

h h f\ 

\g f c\ 



= {af^hfj-chy ^Aabfg. 



:o 


a 


h 


c 


1 a 





h 


.</ 


\^ 


h 





/ 


\c 


'J 


/ 






112. Consider the determinant 



A = tty 



and suppose that 



^1 Ci cZ, <^, ', 
b.^ Cj d.j e^ I 



I di dy dg c?4 

! ei e. ea ^^4 






«l + 6l + Cl + di4-ei = /^l + '>2 + t.'2-|-(Z2-he2= Ci + Co + Cg + rfg-feg 
= dl + (^ + CZ3 + tZ4 + ^4 = ^l + ^2+e3 + e4-he5 = 0. 

Then, first, A = ; since, if we add the elements of the 
other rows to the corresponding elements of the first row, the 
elements of this row all vanish ; and, secondly, we can show 
that all the first minors of A are equal. 



A = - 



d. 

^2 



<'■: 



ds 
d, 



and C.,= 



(^1 


^•i 


di 


^1 


bi 


Co 


c?. 


e, 


d, 


ds 


d. 


^4 


^1 


^3 


^4 


^5 



The first, third, and fourth columns of Bi are identical with 
the second, third, and fourth rows of Co. By hypothesis the 
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elements of the first row of C2 are respectively — Ci, — Cg, — dg, 
—63; whence 



C. = 



61 C2 €^2 «2 

di cZg d^ e^ 



= ^1, 



as was to be shown. 

In general, if in a symmetrical determinant the sum of the 
elements in each row is zero^ the determinant vanishes^ and all 
the first minors are equal. 

Let 

A = I Oooan a22 • • • a„,. | , with a„ = a,„ 

and a«, 4- «« + a^g H h a^,. = 0. 

That A vanishes is obvious. Again, 



A) = 



(111 ai2 

«i-ii ^'i 12 

«a a.2 

^i+11 f<i-fl2 

^nl ^m2 



a.^ 1 ^2* ^2A+l 



a, 



a, 



a. 



'<-lik-l "'i-U "t-l*+l 



t'/f 1* I ^<+lft "'f+U+l 



«1« 



f+ln 



To the ith row of Aqq add the remaining rows ; the ith row 
becomes 

— O 01 — Ct(»2 • • • — ^Ok 1 — ^k ^'0* f 1 • * • — ^On • 

Then to the A:th column of A^o add the remaining columns ; 
the fcth column becomes 

Now, making the ith row the first row, and the kih column 
the first column, we have 
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(-1)'^ 



^ho cfoi 002 •••• "o*-i ^+1 

ttjo ttii Cli2 ••• (^Ik-l 



^U+1 



-1*1 "» I*rl 



«i_iy Of. 11 «,-i2 •• 

^t-}10 ^'i. 11 ^1:12 ••• ^'i+l* 1 ^i^lk-il 



^IH 



»• ««+!» 



— -^^ 



which proves the theorem. 

113. If X be subtracted from each element of the principal 
diagonal of a symmetrical detenninant, we have a function of 
X which, equated to zero, gives an important equation. The 
roots of this equation are all real, which may be proved as 
follows. We have 



/(*)= 



ttii — a; 

a.ii 



a22 — X 

^J2 



^hi 



a... — X 



' ««i 



«h2 



Then 



./(— a;) = j «ii4-x' ai2 (fi.-j 

«21 ^22 4- .f (<23 

I ((31 a;>, «..;,+ a; 

I a„i «„2 ci,^ 

Multiplying (1) and (2), 

Pn—^ P\i i>i3 

i>21 i>22 — a^ P'£^ 

PSI 2^32 7^:« — ar 



a,„ = 0. 

«2„ 

a.,,, — X a,. = a,^ 



«i« 

"2h 



(0 



('^) 



(*»H + ^ 



Pin 
P'ln 
Ihn 



(^r, = a« 



0, 



(3) 



I 



Pal 



Pn2 



2\: 



Pn 



-^^ I Pr. 



--P« 
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where j^a = «a «h + «« «*2 H + c^„ «,„. 

' Expanding the determinant of (3) by 63, I., 

\pJ-^^I^n-i-\-^'^n,,^,-J'lD.^ ,+ ... + (-0.-)"= 0. (4) 

Now Z>„_i, />n-2i A*-39 ••'5 being coaxial minors of \2hn\^ 
are all sums eft squares of minors of I ai,J ; for consider one 
of these minors 



A. 2 ■= 



P/f Pfa 



P/r I 

Pyr 



Prf Pnj ••• Prr\2^,t=Ptr 

Dn-2 may be obtained by squaring the array 



'-Vh 



CI,. I ar2 C(r3 '" ^^rnl 

in which there are 7i columns and ?i — 2 rows. By 58, 1st; 
Dn_2 must be the sum of products of pairs of determinants 
which in this case are equal ; hence i>„_2 is the sum of squares 
of minors of la^J of order 7i — 2. Hence SI>„_i, 2Z>„_2, 
2Z>„_8, •••, are all positive. The signs of the terms of (4) are 
therefore alternately positive and negative, and, by Descartes* 
Rule of Signs (4) , can have no negative roots. Accordingly, 
/(iB) = 0, or (1), cannot have a root of the form a V^, for 
then ixi^ would be negative, which we have shown is impossible. 
Nor can (4) have a root of the form /S+aV^^ ; for if we 
write an — /8 = a'ii, a22 — )5 = a'22) etc., the proof just given 
is applicable. 

The student will find it interesting to apply the preceding 
proof to the particular case where f(x) is of the third degree, 
i.e., 



/{'>)= 



an-x 


«12 


a,. 


a22 + a; 


chs 


^hi 



«ya -h X 



= 0, 



a„ = a„ 
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actually multiplying f(x) by /(— aj), and expanding the result 
to obtain the equation in a^, whose terms are alternately posi- 
tive and negative. 

114. Symmetrical determinants of the form 



a, 


h 


<h 


d, 


«i 


/« 


«i 


h 


<h 


d. 


97 


/e 


a, 


h 


Cs 


h 


97 


/. 


a. 


h 


H 


h 


97 


/« 


"i 



and 



«u 


tt, 


tta 


«I 


a^ 


«75 


aa 


«3 


«4 


tfn 


^4 


(h. 



«n I ttn ^*„,1 



n+2 



rA„ 



<'2n-2 



= P(aia2---a2„.2)» 

are called orthosymmetric or per symmetric. That is to say, 
when each line perpendicular to either of the diagonals has all 
its elements alike, the determinant is persymmetric. Such a 
determinant can contain at most 2n~l distinct elements. 
Examples of the occurrence of orthosymmetric determinants 
in practice are found in 84, VII. 

t 
115. The most important property of orthosymmetric deter- 
minants is that tJie determinant remains unchanged when the 
first terms of the successive orders of differences of its 2 n — 1 
elements are substituted for the elements themselves. Consider 
the following series of numbers, and foi*m the 1st, 2d, 3d, 
... (2n — l)th orders of differences by subtracting a^.i from a„ 
throughout. Then adopting the usual notation, we have 



Ot) 



a. 


a-i 


«3 


Oa 


«3 


•• «2»-2 


A, 


An 


A,2 


A,3 


A„ 


•• Aij„_s 




A. 


A^i 


A,, 


A08 


•• A22„.4 






A3 


A3. 


A,2 


•• A32..5 








A4 


A« 


•• ^iin-t 



Digitized by 



Google 



APPLICATIONS AND SPECIAL FOBMS. 



147 



We now show that 



A = 



ai Og as 



ai ttg «8 
o., a« ai 






''iH-l 



= a« Ai A. Aa 
Ai A2 A3 A4 



If in A the (w-l)th, (n-2)th, • 
from the nth, (n — l)th, (w — 2)th, 
we get 



A4 A, 



A A ., A ■ 



- A»-. 


... A,. 


— ^n+l 


- Aj„., 






A, 



A,, 



column be subtracted 
• column respectively, 



iij ..-2 

A,„ a 
A,» 



»-l ^In 1 ^1« ^ln+1 ••• ^1 2u-3 

Repeating the operation successively, we obtain 



A = 



ai 
a., 



^1 
An 
A12 



A.. 
A21 



A, 
A3, 

A:« 



««-! Ai„_i A2,._i A8„_i 



A„_, 
A„-i 1 
A„.,, 



Operating in a similar manner upon the rows, we get 



A = 



Ai 

A, 



Ai 
A. 

A., 



A, 
A» 
A4 



A^ 
A, 



A„-, 

A„ 
A„+, 



as was to be shown. 














Thus 
















3 8 


15 


26 1 = 


3 


5 


2 


2 




8 15 


26 


43 


5 


2 


2 







lo 26 


43 


68 


2 


2 










26 43 


68 


103 1 


2 












= 2«; 
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for we have 



Similarly, 



3 8 15 26 48 68 103 

7 11 17 25 35 

2 4 6 8 10 

2 2 2 2. 



7 -4 -5 

-4 -5 -3 

-_4 _o -3 2 

-5 -3 2 10 



7 -7 3 

-7 3 

3 





= 0. 



The student mav show that 



12 4 7 


= 


1 


1 


1 


• 




2 4 7 12 




1 


1 1 






4 7 12 19 




1 


1 -2 






7 12 19 30 







1 -2 5 






1 4 9 16 


= 0. 




1 8 27 


64 


4 9 16 25 






8 27 64 


125 


9 16 25 36 






27 64 125 


216 


16 25 36 49 








64 125 216 


343 



= 6*. 



Besides exhibiting obvious simplifications, these examples 
show that when the elements of a persymmetric determinaht 
of the nth degree fo7'm an arithmetical progression of order 
m* < w — 1 , tlrn determinant vanishes ; and if the order of the 
progression is ?i — 1 , the deteiminant reduces to an nth power. 



*The 


series of numbers 
















1 


8 


27 


64 


125 


216 




form an 


arithmetical progression of the third order, 


because the terms of 


the tliird order of differences are alike. 








Thus 


















1 


8 


27 


64 


125 


216 








7 


19 


37 


61 


91 










12 


18 
6 


24 

6 


30 
6. 
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116. The conditions of the last statement will always be 
fulfilled if a^ is a rational integral function of k of the mth 
degree, whose highest term has the coefficient 1. For then, 
according to the well-known theorem, cto? «n (ht ••• form an 
arithmetical series of the mth order, of which the with dif- 
ferences will be m !. If, tlien, m = n — 1, all the elements of 
the secondary diagonal will be (n — 1) !, and all the elements 
below it will be zeros. Whence the detenninant equals 

(-l)i<»-'»[(n-l)]». 

If m < 71 — 1, the determinant of course vanishes. In either 
case, instead of ao, «!, (h^ •••, we may write 

If, for example, p is any given number, and 

• fc -j- m ) ( jp -h A; -h m - 1 ) • . . ( j9 -j- A; -j- 1 ) 



^^=/i> + A;-hm\ (pjfj 

/p 4- *? A fp 

/i> + w-j-i\ /> + 



m ! 



+ m4-l 
m 

m-h2 
m 



'/) -h 2 m 
m 



/p + 2 m\ A> -I- 2 w -f 1\ /i> -f 3 m\ 

\ m J \ m J \ m ) 

= ( — l)f('»+i)= (-i)(« D'i. 



117. Consider tlie determinant 
A = 



k 


kr 


ki'' 


kr 


ki^ 


kr' 


kr^ 


ki^ 


kr* 



^.,,»-l ^.,,« ^.^.«+l 



A:r» 
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whose elements are in geometrical progression. That A must 
vanish is obvious at sight ; for dividing any column except the 
first by the ratio r, A is seen to contain identical columns. 
Hence if the elements of a persymmetric determinant form a 
geometrical progression^ the determinant vanishes, 

118. To the results of the last article we add the following. 
Suppose in 



A = 



^^0 



a., 



. On-l «n 



each element divides every other element whose subscript is 
higher than its own, i.e., in general. 



a, = 60^1^2 ••• ''/• 



Then 

A = 



bo 
bobi 

60&1&2 



bob, 

60&1&2 
bobib2bs 



bobihj 

6o&l&2^3^4 



hbib^h 

bobibib^b^ 

bobibobJ)Jfr, 



bobib2'"b„..i hbybo'-'b^ ^o^i^s* ••&«+! hb^b-r-b^^^ 

bobih2'-'b,,.i ' 
bi)bi "•b„_ib„ 
bobi 

bob. 

Now it is obvious that 6© is a factor of the first row of A, 
b^bi is a factor of the second row, &0&1&2 is a factor of the 
third row, and so on. Hence 

A = II 6," 

1=0 



1 


w 


b,b. 


hhh 


•• 6,6, • 


^■K-^ 


1 


b. 


hh 


626364 


6263 ■ 


-K 


1 


h 


hh 


636463 


•• 6364 - 


••&,« 


1 


K 


&»6»+i 


6»&«+i6«+2 


•• KK+\- 


-b^^ 
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Skew Determinants, and Skew S3rmmetrical 
Determinants. 

119. We have heretofore shown (lOB) that the square of 
any determinant is a symmetrical determinant. If we now 
write the determinant of even order 



A = 


«i 


^1 


('l 


^^ 


= 


-^ 


(h 


-d. 


Ci 




a. 


h. 


c. 


c/., 




-ho 


a. 


-d. 


^2 




C«3 


h 


Cs 


(Jl^ 


;-^ 


«3 


-d. 


^3 




«4 


b. 


^4 


d. 




-^ 


^'4 


-d. 


c* 



we get, by multiplying these factors togetlier, 

_ (a^) - (cA) - (aiftg) - (<^A) -(aA)-(cA) 

(aA) + (cA) (a2M + (cA) - («A) - (C3<^4) 

(0164) 4- (cic?4) (a2^) + (^2^4) {(^4) 4- (C3C«4) ^ 



In this determinant each element is equal to its conjugate 
with opposite sign, and the elements of the principal diagonal 
are zeros. Such determinants are called skeio symmetHcal. 
In other words, if in a determinant we have 0^ = — a^^ and 
a^, = 0, the determinant is skew symmetricaL If a^ is not 
zero, we have a skew determinant. It may be shown that the 
square of any determinant of even order can be expressed as 
a skew symmetrical determinant. Thus, since 



A = 



On 
«21 



«12 



ai8 

«28 



«14 
«24 



a^_ii an-12 o„_i3 ot„_i4 



a„ 



«„! 



«„ 



a„, 



^2n-3 



Ol»-2 
«2»-2 



«1„-1 
02n-l 



«2« 



0»_ln-3 ^n-ln-2 ^^.i^.i dn-ln j 
Onn-3 0„„._2 0„„_i flf„„ 
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= «12 


-a„ 


«« 


— «1.1 • 


•• «l«-2 


— «ln-3 


Oln 


— «J»-1 


OToo 


-an 


«24 


-«a • 


•• «2u 2 


— <^2« 3 


«2» 


— «2„^1 



Mh 12 — ^i» 11 ^^n~U — ^*» W"* ^» 1« 2 — 0»-l«-3 ^'n-ln — ^'n-ln-l 
|«»2 — «»1 «»*4 — a«3 ••• ^'«» 2 — ««,.-3 ««« —««»-! 

we have, after multiplying these determinants together, 

A2 = 






Wl,2 


Wll3 • 


• ^Wl« 


w% 





m.^ .. 


• *«2i» 


7%, 


ms2 


.. 


• ''rts- 


... 


... 





. 


^^i«l 


m„2 


ni„s •• 


. 



via. = — m« 



For 



rria = a.ia^s — a,^« + «.3^'*4 — «.4«t3 H h ^'m !«*» — «m«it«-ii 

and hence 7% = 0, and m.^ = — m^i- 

120. The consideration of skew determinants reduces to 
that of skew symmetrical determinants, as we shall now show. 

I. By 47, 

' «2i ^22 ... a,„ 

= Ao<»> + sc'i A,/»-^^ + 2c^ Ao<'-2> + ... + 2a_.o V'^ + a. 

Now, since a,^ = — a^i, the determinants Ao^"^, Ao^" ^\ Ao^"~"\ 
..., are all skew symmetrical, and A^"^ is expressed in terms 
of skew symmetrical determinants. 

II. If, further, a-, in A^"^ is equal to .r, we have 

^(») = ^(n) ^ a,:s^^^(»-i) ^ aj22Ao^«-2) + ... + .tV^A,^^) ^ ^.n^ 

It will soon be shown that a skew symmetrical determinant 
of odd order vanishes. Accordingly, the terms of this expan- 
sion in which the degree of Ag is odd will vanish. Thus 
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+ x 







X 


— a - 


-6 -c 


= 





—a 


-b 


— c 








a X —d — e 




a 


-d -e 






b d X -f 




h 


d -/ 






c e f X 




c 


e / 


' 


- 


■ 


-d —e\-^ 


-h -c 


+ 


— a —c -h —a — & 




d 


-/ 


h • -/ 


a 


— f' 


((, -(? 


_ 


e 


/ 


c / 


!c 


e 


!^> rZ 0. 


-|0- 


-/ 


+ -e| + |0 -d\ 


+ 


(; 


-hlo -?> 


+ i -a 




f 





e ( 


) 1 \d 


1 








u 







la 



= 0.^ 4- (/2 + e^ -h f?2 ^ (.2 ^ /,2 ^ ^2) 3.^ _^ (^^^_ ^,^ ^ ^,;)2^ 

Tlie student niiiv show tlitxt 



A^ 



(t b c d 

— b (I —d c 
— r d (I —b 

— d — c b a 



= (a,2-f /y2^r2_^(?2)-. 



AVritiug another skew determinant A,, whose elements are 
c, /, <7, /i, in the same form as A just written, we see that 
A,= (e2+/2 + f/2_j_/^2)2 If ^r^^ multiply A and Ai together 
])y rows, we get another skew determinant A,, of the same 
form as A and A, ; the value of A2 may accordingly be written 



where 



(m-'_(_,^2_p ^^2_^^^2)2^ 

m ^ ae-\- bf-{- rr/ -(- dh^ o = — (kj -\- bh + ce — df, 
71 ~— af-{- be — vh + d(j^ P = — ^'^^ — ^>U + ^\f + de. 



We have then 

or (a' + 7>2 ^ ^2 ^ ^2) (^2^y-2^ ,,2^ ,,2) _ (,^,2 _^ ^^2 ^ \^2 ^^,2)^ 

which is Euler*s theorem. 
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121. Returning now to the consideration of skew symmet- 
rical determinants, let us take the two minors M and Mi of 
109, and making aij,:= — aj^^ a«=0, the determinant itself is 
skew symmetrical; M becomes Jf', and Mi becomes Mi\ 
Now since every element of 3f' equals each element of -Mi' 
with contrary sign, or since 



M' = 



and Jf/ = 



—a»- 



where m, as before, is the order of the minors, i.e., the con- 
jugate minora of a skew symmetrical determinant are equal if 
m is even ; but if m is odd, the conjugate minors are equal, with 
co^xtrary signs. 

In particular, if n is odd, A,,, = -^*,. 

But if n is even, A^ = — A^i, 

122. If tlie skew symmetrical determinant 



A = 



«12 





«23 





is multiplied l)y ( — 1)'\ we obtain 



-A = ; —a,. -a,.3 
' a,o — Ooij 

But since tlie rows of A are the columns of —A, 

A = — A, or A = 0. 

It is obvious that, in general, the effect of multiplying a 
skew symmetrical determinant A of order n by ( — 1)* is to 
change the rows into columns. Hence, when n is odd, 

A=- A. 
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Therefore a skew symmetrical determinant of odd order 
vanishes. In a skew symmetrical determinant An is, of course, 
skew symmetrical ; hence 

123. From 121, where n is odd, the reciprocal determinant 
is symmetrical ; and, if n is even, the reciprocal determinant is 
skew symmetrical. 

124. I. Consider the following determinant 



A = 



— a,^ 



a. 



12 

ai3 

«14 



— «13 


«34 



— <^'14 N 

I 

— a34 I 

I 



and the reciprocal determinant 



Now, by 61, 



— -0-12 

-A 



-^4 





— -^23 

— -424 



-^13 
-^23 


^34 



-^24 

^34 





^14 I = A 

I 







^ 2 

•/. An- = a2s^^, or A = -4, 

*^23 

and hence A is a perfect square. 

II. We shall now show that, in general, a skew symmetrical 
determinant of even order is a perfect square. 
Let 

A = 






(Uo ' 


• «1» 


rtm+i 


• «12«-1 


«12»» 


«2I 


. 


• «2» 


^2 n+l 


• «2 2« 1 


«2 2n 


«»! 


(tu2 ' 


. 


<^t«,Hl •■ 


• ««2«-l 


^«2» 


^n+1 1 


««+12 • 


• ««+! « 





• ^n+\ 2«- 1 


«n+l 2» 


«2«-ll 


('2«-12- 


• CIoh-I, 


fhn-l n-^l ' 





^^2/1 1 2m 


«2«1 


^^2«2 •• 


• «2n« 


(hn n+l • 


•• ^'2» 2n-l 






«a-= - 
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Then, as above, 



^«*2»» 1 ^02n 2» 



= A.A< 



''^ll* %n2n» 



(a) 



Now since A is skew symmetrical, and n is even. 



Aajj — Aa2„2„ — ^ > 



and 



^«I2/i — "• ^«2nr 



AVu = ^' 



■*«11» «2n2rt » 



or A = 



«2»1 



Therefore A is a perfect square if ^aiua2n2n i^ * perfect 
square. In other words, a skew symmetrical determinant of 
order 2 n is a perfect square if one of the next lower even order is. 
But it is obvious that a skew symmetrical determinant of the 
second order is a perfect square, and we have shown above 
in I. that one of the fourth order is a perfect square ; hence, 
by what we have just proved, a skew symmetrical determinant 
of the sixth order is a perfect square, and so on. Hence the 
theorem is true universally. 

For a simple illustration, let us apply (6) to the following 
determinant : 



A = 






— X 


-y 


X 





—t 


y 


t 





z 


IL 


V 



— 2 



-X 


-y 


—z 





-t 


— 71 


t 





— V 



= {vx — uy -f- tzy. 



-A 

t i 
As another application, we establish tiie following relation : 

9 {a^—a^y {a^—a^y (as-^i)^ («2-«4)^ («i-«2)^ {(h—^^y 
The first expression equals (see example 7, page 37) 



as 



ar 


tti 


1 1 


X 


1 


— 3ai 


3ar 


-«/ 


ai 


a.. 


1 




1 


— 3a2 


3 a/ 


-a/ 


ai 


(h 


1 : 

1 




1 


-3a3 


3 a/ 


-«/ 


«4^ 


«4 


1 , 




1 


— 3a4 


3 a/ 


-«/ 
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(ai-cf^y («i-«4)^ 

(as — ag)^ {az — a^y 

{a,^a,y 
{a^ — a^y 



(«i - as)' 








(«2 - a4)'' 

(«3-«4)' 



(c/2 - a^y 



as was to be shown. 

125. The following proof of the preceding theorem has some 
advantages over the one just given. Let A be a skew symmet- 
rical determinant of even order. Then Aa^^ vanishes. Let 
pa t)e the complementary minor of a.^ in A^^^, and hence a 
second minor of A. By 60, 



Pa Piu 



= 0; 



and since 



iS,* = ft,, IS,,p^= I3,,\ 



(1) 



(2) 



Expanding A by Cauchy's theorem, 63, III., in terms of the 
elements of the first row and first column, we have, since 

^an = 0, 

A = — ^ttii a^iPiu = ScfuaiA ^PuPiua substituting from (2) , (3) 

in which /, k have the values 2, 3, ••• 2n. From (3) we have 
at once 

A = [2a,,V)S.,7. 

Here A is expressed as the square of a linear function of 
the elements of the first row. This function is rational if 
-yjpii is rational. But )3« is a skew symmetrical determinant of 
order 2n — 2. Hence a skew symmetrical determinant of order 
2w is a perfect square if one of order 27i — 2is. But we 
proved (124, I.) that a skew symmetrical determinant of the 
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fourth order is a perfect square ; hence, by what we have just 
proved, one of the sixth order is a perfect square, and so on. 

126. Since 

= [«i2 V/3i« + «i3 V^ -f- a,4 VK4 H \-o.un Vp^Y ; 

that is, since A is the square of a linear function of the ele- 
ments of the first row, we see that if A is of the fourth order, 
Va contains 3 terms; tlien, if A is of the sixth order, Va 
contains 5.3 terms, etc. In general, then, Va is the sum of 

(2?i-l)(2n-3) ... 5. 3. 1 terms. 

Every term of Va is, moreover, the product of n elements of 
A, in which no subscript is repeated. For, taking the term 
^14 V/344, for instance, we see that it consists of terras in which 
neither of the subscripts 1, 4 is repeated. But V/^44 will contain 
a term 033 VyS, in which, as before, -^/y^ contains none of the 
subscripts 1,2,3,4; and so on. Hence Va is the sum of 
terms of the form 

in which no subscript is repeated. 

If A is of the fourth order, for example, we have 



A^^^ = I ai2 ai3 ai4 
a4i CI40 aAo 



, and Va<^^= (ai2aa4±ai3a24 ±014033). 



To determine which sign is prefixed to each term, we observe 
that since the interchange of two subscripts of A amounts to 
an interchange of two rows, and also of two columns, and 
therefore leaves A unchanged, Va must be a function in which 
the interchange of two subscripts either causes no change or 
simply a change in sign. 
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If we consider any term of Va^*\ as Oua^, which the inter- 
change of the subscripts 1,2 transforms into 021^34 = --ctu 034, 
it is obvious that Va^ does change sign on interchanging two 
subscripts. We have then the square root equal to 

' aiaOsi — 011,024 4- ai4a23; (2) 

for, if the second term of (2) were -f-, the interchange of 2 
and 3, while changing the sign of the last term, leaves the 
signs of the first two unchanged. 

Since 0,*= — 0^^, it is alwajs possible to so interchange the 
subscripts that all the terms shall be positive. Thus 

VA'^> = OujO^ -I- aw«42 + ai4«23- 

127. In general, we proceed as follows : 
A being a skew symmetrical determinant of the 2 nth order, 
A contains the term 

Hence Va contains the term 

r^l2%4^56 ••• 02„..i2,t = -?• 

The positive square root of A which contains T as its first 
term is an important function, possessing many properties 
analogous to the properties of determinants, and is called a 
Pfaffian. The notation 

P= [1, 2, ... 2n], or (1, 2, 3, ... 2n), 

has been adopted for the PfaflSau. From what precedes, we 
see that the terms of the PfaflSan are obtained from the prin- 
cipal term by permuting the subscripts 2, 3, ... 2 n in all pos- 
sible ways, and changing sign with every permutation. 

Since a« = — o«, we may so arrange the elements that every 
term of P is positive. Thus in the case of A^*^ above we have 

VA^ = P = O12 O34 + «13 «42 + ai4 «23. (P) 
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128. If two subscripts are interchanged, the sign of P is 
changed. Let a^,)3 be the terms of P containing the element 
a^,. Then the elements of p do not involve the subscripts 
r and s. Interchanging r and s, let P become P'. Now 

P' = P^\ 

since each square is A, in which two rows and also two columns 
have been interchanged ; 

.-. P = ±P'. 

But because of the interchange in r and s, 

a,.,)8 becomes — a„/3; 

or, since the term a^^fi of P = '-a,^p of P', it follows that 
P = — P', as was to be shown. 

129. We shall now prove a theorem by which we may com- 
pute Pfaffians of order 2n from those of order 2n — 2.* 

Assuming 

V)S:=(-1)^(2, 3, ..., i-l, f + l, ..., 271), (1) 

or, after making i — 2 cyclical interchanges, 

V)S;;=(i+l, i + 2, ..., 2n, 2,3, ..., /-I), (2) 

where fi has the same meaning as in 125, we show that 

va;va:=a*; (3) 

and then since 

P=a,,-Vl3.22-\-((i^V$'^+ .- +«,.>„ V/3^.2n, (4) 



* There is a difference in the nomenclature. We have here considered 
the order of the Pfaffian to be determined by the number of subscripts 
involved. Some authors determine the order of the Pfaffian by the order 
of the terms in the elements. Thus (1, 2, 3, 4), or l|aj^|, which we have 
designated as a Pfaffian of the fourth order, is said by some writers to be 
of the second order. 
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(1, 2, 3, ..., 271) = a^ (3, ..., 2n) + a^ (4, ..., 2n, 2) + ... | .. 
+ ai2„(2,3, ...,2n-l) j ^ ^ 

To show that ui)oii the assumption (1) or (2) the equation 
(3) results, we proceed as follows : 



Since 



HiiHkk — Pik^ 



the terms of V^« V^Sw must be equal each to each to the terms 
of )8a, or equal with contrary sign. The product 



(-l)'+*(2, 3, ..., ,--l,i + l, ...,2ii)| 
(2, 3, ..., ^-1, ^ + 1, ..., 2n) ) 

becomes, after a certain number of interchanges, 

(A:, p, ry, r, ..., u, v){2h ^h r, s\ "-, v, i), 

where jh Q^ ^') •••j ^^ ^ denote the series of numbers 

2,3, ...,2^1, 

exclusive of t, Jc, Again, 

/8«=(-l)' 



(6) 



(7) 



«2 2 


a23 •• 


• %* 1 


ttoft+l 


«3 2 


«83 •• 


• «a* 1 


«3t-H 


(^i-12 


^M3 •• 


• «i-i * 1 


<^i-l k+1 


^i\ 1 2 


^1+13 •• 


• <^i+i * 1 


^i+1 k+i 



(8) 



(«,«,» = 0, C6„ = — a,.) 

becomes, after the same number of interchanges as were em- 
ployed to change (6) to (7), 



Clka «*. 



a„„ ««< 



««, 


«ti 


«^ 


«p< 


«,. 


«,i 


«« 


ftrt 



(9) 
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Now the first term of the product of (7) is 



which is identical with the first term of the determinant (9). 
Whence the truth of (2) is established, and (5) gives the 
desired expansion of P. It is to be noted that the successive 
terms of P are written cyclically. For example, A<^^ being a 
skew symmetrical determinant of the fourth order, 

A(^) = P^= (1,2,3,4/, 

and (1,2,3,4) = a^a^ + «i3«42 + «J4023. 

A(6) = p2^^1^2, 3, ...6)^ 

(1, 2, ... G) = ai, (3, 4, 0, 6) + a,, (4, 5, G, 2) + a,, (5, 6, 2, 3) 

+ ai5(6,2,3,4)+ai6(2,3,4,5) 

+ ai4«36«23 + <^U^52<hi "f «14a53«62 

130. The student must have already noticed the analogy 
between determinants and Pfaflaans referred to above. The 
following notation, based upon this analogy, is interesting. 
Since the PfaflSan involves just half the elements of a skew 
symmeti'ical determinant like A of 124, II., we write the 
Pfaffian 

P =. ! a]2 Cfi3 ai4 • • » ttj 2n-l ^1 2h 

Cf23 ^24 ••• tt2 2n-l ^^2 211 

a^ ••• 0t3 2rt_i Cf3 2„ 

^»-22n-l ^-22n 

which is shortened to 

l|«I2«'23«'»4 ••• «2«-12n|j Or tO ff{a^^,) , OX to l|ai2H|. 
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lu particular, we have for a PfaflSan of the third order 



I tti hi Ci 



= ff(a,b,c,) = \\a, b, c,\. 



We may accordingly .write equation (j^), at the end of 127, 

Va^^"^ = I i cIm I , or rather A<^^ = 1 1 a^ |- ; 
and the general equation would be 

131. We must here conclude the discussion of Pfaffians with 
the theorem : a bordered * skew symmetrical determinant is 
the product of two Pfaffians. 

From equation (&), 122, II., 

.-. A„^.,., = (l,2,...,2n)(2,3, ...,27/-2, 2^i-l), (1) 

which proves the theorem when the determinant is of odd order. 
Let A^"^ be a skew symmetrical determinant of odd order. A«/. 
is a skew symmetrical determinant of even order, and hence 

Va«,= (-l)'-Hl. 2, ..., /- 1, /+ 1, ..., n) 
= (* + l, •••, n, 1, 2, ..., i- 1). 

Now A^"^ being zero, we have, by 60, 

Aa.^= Aa..Ao^.^. 

.•.A„.., =(1 + 1, ...,n, 1,2, ...,2-1) (2) 

(Z: + l,...,/^l,2, ..., 7.-1), 

which proves that a bordered skew symmetrical determinant of 
even order is the product of two Pfaffians : for any minor A^.^ 

* A bordered skew symmetrical deteAninant is one in which the minor 
of one of the comer elements is skew symmetrical. 
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of a skew symmetrical determinant is evidently expressible as 
a bordered skew symmetrical determinant. 
If 

^« «- = -«-, we find by (1), 

Ctii — u 



Aa„ = - 



^12 ^ha ^14 ^15 ^16 

a 22 ^hs ^4 ^25 ^26 

^32 ^83 ^»l ^35 ^36 

^42 ^43 ^44 ^*45 ^46 

«o2 «J3 «54 «a5 «5C «ii = 0, «„ = — tt^ 

= -(1,2, 3, 4, 5, 6) (2, 3, 4, 5). 



Again, if 



A = 


^15 




= 


^"•, we fi 


^a42 


= 


«21 


«23 


«25 «24 






«11 


ai3 


ai5 an 






«31 


033 


OsS «34 






(fol 


«r.3 


«55 Om 



= (5, 1,2, 3) (3, 4, 5,1), 



as the student can readily verify. 



Girculants. 
132. ThQ resultant of 

f{x) = (liX^ 4- tloX + ttg = 0, 

i>(x)=jr' -1=0, 

by Sylvester's method (92) is 



a, 


«2 


a,, 








= 


«i 


Go 


ag 





«i 


iU 


«3 







a. 


ill 


a, 








«i 


«2 


ch 




ao 


«3 


«! 


1 








-1 














1 








-1 











(1) 

(2) 



= B. 
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Now ai, as, og being the three roots of unity, it is evident 

(94) that 

Ii=fMf(a,)f(a,); (3) 

or, denoting one of the imaginary cube roots of unity by a, 
the other is a^, and we may write 

i? = /(l)/(a)/(a^) 

= (ai + ttg + Os) (ctia^ + aoa + Og) (Oia + 02^^ + ^s) » 
an equation exhibiting the factors of B. 

133. H is evidently a symmetrical determinant formed from 
the elements ai, a^^ a^ in its first row, in such a way that the 
last element in every row is the first element in every succeed- 
ing row, and the other elements are written in order. Such a 
determinant is called a Circulant,* The intimate connection 
of the Circulant of the third order with the cube roots of unity 
was shown in the last article. We shall now prove that, in 
general, the circulant of the nth order, 

C = (7 (ttirta •••«„) = «! ^2 «3 ••• (fn-l Ctn 

a„ «! Go ••• a„_2 a„..i 



«8 


a, 


a.5 • 


• «i 


cu 


a-a 


«3 


a^ . 


• ^» 


«i 



is the product of all factors of the form 

«„a<""^ + a^-io-r^ + Cin-2<~^ H 1- Cfsttf^ + CliOi -f- tti =/(a..) , 

in which a, is one of the nth roots of unity, and i accordingly 
takes successively all the values 1, 2, ... 7i. In symbols, we 
are to show 

C (tti as ttg . . . a„) = n (a„ a,"-^ -f- a„_i a,"-^ _( f- a2«i + «i) 

, 1=1 

= /(ai)/(a2)/(a3).../(a„). 
Write another determinant of the nth order 

* The Circulant is of frequent occurrence in the Theory of numbers. 
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A = 1 ai . tti^ ai^ 

1 2 3 

1 a.2 a.2 o.i 

12 3 

03 «3 «3 

1 2 3 

1 a,. a„ tt„ 

Multiplying by rows, 
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n-l 



«1 

^2 



n-l 



as 



n-l 



(7A = 



/(ai) /(as) 

ai/(ai) a2/(a2) 



/(an-i) /(a„) 

a„-i/(a„-i) a„/(a„) 



a;-V(ai) <-V(a2) 

Factoring this product, 

CA=/(aO/(a,).../(a„)A 
AC =/(a0/(a,)-/(O 



a;:l/(a„-0 arV(a„) 



= U(a«<"^ + «,,., a; "H ha2a< + «i)- 



For an illustration, 



a? y 



y X 

y X q\ 

y X Q\ 

y X , 

= (x + «i y) (•'^- + ^22/) (aJ + 032/) (a; + a^y) (« + as?/) 



(x + ,,)(; + [ v^^ 



r>-i . Vio 



+ 2Vo 



^],) 



(.4_y5±i_v,(tiV5vri]„) 



= ar* + y, 
as was evident from the beginning. 
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134. The circulant of the fourth order 



Cs 



«! 


02 


as 


04 


^4 


«1 


02 


Os 


«3 


«4 


«1 


O2 


a. 


«3 


«4 


Oi 



can be expressed as a circulant of the second order, as follows. 
We have 



Oi 


-02 


Og 


-O4 


= 


Oi 


O4 


«3 


O2 


Os 


-04 


«1 


— O2 




03 


O2 


«1 


O4 


04 


-«1 


O2 


-O3 




02 


«1 


O4 


O3 


02 


-03 


«4 


-«1 




«4 


O3 


O2 


«1 



The first of these determinants is obtained by interchanging 
the iecond and third rows, and multiplying by ( — 1)^; the 
secoM is obtained from the first by reversing the order of the 
rows, and then reversing the order of the columns. 

Multiplying them together, 

Oi^— 20204+03^ 
203O1— 04^— Og- 












201O3— 02^—04^ 
03^—20402+01- 

2 O4O2 — Oi^ — Os CL{ -j- 04- — 2 o lO;. 

cb^—'i O1O3 -|- «4^ 2 O2O4 — 03^ — Oi 



Whence expressing C^ as the product of two minors, and 
extracting the square root. 



r7= 



OxQi — O4O2 -f- O3O3 — O2O4 O3O1 — O2O2 + O1O3 — O4O4 

O3 Oi — 02 O2 -|- «i ^3 — <^h ^U ^h ^1 — O4 O2 + O3 a.^ — a. 2 O4 



as was to be shown. 

The method employed in this special case is equallj- appli- 
cable to show that, in general, o circulayit of order 2n can be 
expressed as a circulant of the nth order. 

We add the following proof, however, which is based upon 
the fundamental property of eirculants. 
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We have to show that 



C = 



where 



<^l 


«2 ao • 


•• «2» 1 «2» 


= 


61 


h, ... 


K 1 K 


(hn 


tti 02 . 


•• a2»-2 a2» 1 


K 


b, .. 


^.-2 *«-l 


«2» -1 


«2» «i • 


«2n-2 




K- 


-1 K ■• 


«'„-3 ''n-2 


(h 


a^ a-, . 


.. a I a, 


l^*. 


b, .. 


• '>1 h 


(h 


cia «4 • 


•• «i„ «i ! 1 Ih 


h •• 


■ h h 


h 


= aia, 


— «2«^^2 +«2«-l«3 


-+•• 


- «2«.« 


h 


= 03 ai 


— a^ci'i "1" ^i^ts 


-+•• 


I — tljOa. 


h. 


= «5«1 


— «4«2 + 


aa'h 




-+•• 


— ao«-j» 



(1) 



Tlie first determinant 

C= n'(a2Ha'"-'+ «2«-ia,'" '+ «2»-2ar""' + - + a,a,+«i). (2) 

Now for every 2 nth root a of unity there is one —a. Hence 
(2) may be written 

1=1 

If ±ai, ±a2, ±a3, ±04, •-., ± a„, 

are the 2 nth roots of unity, it is evident that 

222 2 

are the ?ith roots of unity. Hence the second member of (3) 
equals the second determinant of (1), which establishes the 
theorem. 

For example, 



C = 



a b c d 

d a b c 

c d a b 

b c a a 



= \E F 
! F E 
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in which 



C = (a' + c'-2bdy- {2ac-b^-dy. 



Centro-s3rinmetrio Determinants. 

135. If we suppose a determinant to be symmetrical with 
respect to the centre of the square (centro-symmetric*), we 
have, if the determinant is of order 2n, 



A = 



«11 


«12 




•• «1«- 


-1 


«lu 


hi 


hs 




- &1„-1 


&1« 


«21 


CI22 




•• «2n- 


-1 


^2n 


hi 


&21 




•• hn^l 


&2« 


««1 


««2 




•• ««n- 


-1 


(-tnn 


ha 


&«2 




*• hn-1 


hn 


Kn 


Kn. 


-1 • 


•• K2 




Kl 


«un 


ann 


1 


•• «h2 ; 


«nl 


b2. 


&2n. 


-1 * 


•• ^22 




hi 


«2» 


Ckn 


1 


•• «22 


«21 


K 


&ln- 


-1 • 


•• &12 




hi 


am 


«ln 


-1 


•• «12 


an 



We will transform A as follows : add the last column to the 
first, the (2n — l)th to the second, and so on, finally adding 
the (ri + 1 Xth to the nth. Afterward subtract the first row 
from the last, the second. from the (27i — l)th, and so on, 
finally subtracting the 71th from the (n -h l)th. Then 



«11 + ha ' 


•• «I« 


+ &,1 




^1 • 




hn 


%! + hn • 


•• %« 


+ ?>21 




^21 




h. 


Ctnl + &«n • 


•• (^nn 


+ &„! 




«>,a • 




Kn 










Ctnn 


- &nl • 


• a„ 


I — hn 










C(2. 


- ^21 •• 


• «21 


-hn 










«!« 


-&n • 


•• Ctn 


-hn 



* It may be shown that the product of any two determinants of the nth 
order is expressible as a centro-symmetric determinant of tlie 2 nth order. 
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A = I ttii + bin ai2 + &i«-i 

I «21 + hn ^'22 + ^2n-l 



a«l + ^nn a,.2 + ^n«-l 
^nn — b„i (tnn-l — ^m2 
^2f» — ^21 ^2n-l — ^22 



O'ln-l + ^22 «2« + ^21 

O22 — ^2n-l ^1 — ^2n 
^12 — ^ln-1 ^11 — ^In 



If A is of order 2 w + 1 , we write 



A = 



ail 0H2 

021 ^22 

««i a«2 

Zi ?, 

bnn b„n_i 

bin bm-i 



a,„ l\ bu 

^2n ^'2 '^21 

L r In 

Oni fCn Ctnn 

Oil ^1 ^In 



^2»-l K 

(l„2 ^'nl 



By making just the same transformations as before, wo 
find 



A = 



an + bin «i2 + ^„-i 

(hl-h^zn ^22 + &2»-l 

a«l + Kn a«2 + bnn-1 

2li 2I2 

^ ~~ ^21 ^-l — ^22 

(hn "~ ^U ^ln-1 ~" O12 



^H + ^21 ^2 

2L r 



a„i — o«« 
agi — 62« 

Ou — bin 
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Collecting results, we have : a centro-symmetnc determinant 
equals the product of two determinants each of the nth order ^ 
if the order of the symmetric determinant is 2n ; if the order 
of the symmetnc determinant is 2 n + 1 , the factors are of order 
n and n + 1 respectively. 

For an illustration we expand the following determinant : 



a d 
d a 
c b 

f 
e 
h 

9 



c d 

c 



e 

f 

b 9 
a h 
h a 



b 
c 
d 



f 





h 


e 


h 


9 


h 


e 


f 





f 


e 


b 


c 


d 


a 


d 


c 


d 


a 


b 


c 


b 


a 



a+h b + g c +/ d-\-e 

b + g a+/i cZ-he c-f/ 

c+f d-{-e a-\-h b+g 

d+e c-hf b + g a^-h 



a — h b — g c — / d — e 

b —g a — h d — e c —f 

c—f d — e a—h b — g 

d—e c—f b—g a — h 



a+h-^d-he b + g + c+f x 
b+g + c+f a-hh-\-d-{-e 



a-\-h—d — e b-\-g — c —f 
b -\-g — c—f a-\-h — d — e 



a — h-\-d — e b — g-^-c—f 
b — g-^c—f a — h-\-d — e 



a — h—d-\-e b — g — c-\-f 
b —g — c-^f a — h—d-{-e 



Continuants. 
136. Consider the three simultaneous equations : 

(a) 3 a?! — 0^2 = 1 ) 

(b) a?i -f- 4 Xo — iCg = > • 

(c) X^ + O .Tg = ) 
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From (a), 

From (6), 



THEORY OF DETERAUNANTS. 



Xi 



(-t)=- 



•. Xi = 



3--' 



a-i 



X, X. 



-4 



From (c), 



^— 1. 
X2 5 



3 + - 



4- 



a-3 



3 + 



4 + 



The value of Xi is thus expressed as a continued fraction. 
If we solve for Xj by 69, we find 



1-10 1 

4 -1 ! 

1 T) ; 



3 -1 f. 
1 4 -1 ; 
I 1 o . 



We see then that a continued fraction may be expressed as 
the quotient of two determinants. 

We shall now proceed to the application of determinants to 
continued fractions in general . 



137. From the simultaneous equations 

(1) (liXy-X. =ai 

(2) ag iTi + a,2 Xo = Xs 

(3) ovro + nr3iC3 = »4 



(n-1) 
(n) 
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we obtain from (1) 



X, = 



Xn 

x^ 



Substituting in this the values of 






as obtained from (2), (3), ••• (n — 1), (?i), we have 



Ol 

ill -h ^2 



Oj-has 



<^3 + 



+ 0,n~ 



«n-l + a» 



The value of x^ is seen to be expressible as a continued 
fraction. If we stop at the ?ith quotient, and thus take the 
7ith convergent for the value of iCj, then x^^i and all the suc- 
ceeding a's must be conceived to vanish. In that case Xi is 
the continued fraction. 



Tr= "^ "*- ^ ^-^ 



The consecutive eonvergents to F will be denoted by 

P 

The determinant expression for j^' is now found by making 
x^^i = in equations I., and solving for Xi by 69. AVe fmd 
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x^ = 



1 "* 


-1 











... 











tli 


-1 








... 








i 


«3 


^h 


-1 





... 








'o 





"4 


<'4 


-1 


... 








... 


... 


... 


... 


... 





... 


... 

















••• ««-! 


^'u-1 


-1 




















«H 


a,^ 


; a, 


-1 




















1 ^2 


a.. 


-1 








... 











«.{ 


(■h 


-1 














' 














••• «M-1 


<'« 1 


-1 


1 














... 


ttu 


«H 



which is the determinant expression sought, and hence is 

q: 

Looking at numerator and denominator of this convergent, 
we see that 



and thus 



«! 



F = 



dQn 
dai 



^n — ^1-^ — 1 

da I 



and ,\F = 



«! 



d(logQ^) 



Qn dai 

138. A determinant having the form of Q„ in the preceding 
article is called a continuant ; i.e., a continuant is a determi- 
nant in which the elements outside of the principal diagonal 
and the two adjacent minor diagonals are all zeros, and one of 
these minor diagonals has each of its elements — 1 . 

Since 



^^1 


-1 





. 


.. 








a.) 


«2 


-1 


. 


.. 











ag 


^';i 


-1 . 


.. 




















•• "«-l 


(■tn-l 


-1 











.. 





a« 


«« 
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«! 


Og 





v) . 


.. 








-1 


«£ 


Os 





.. 











-1 


Og 


"4 


.. 




















... -1 


a«-i 


a» 

















-1 


a« 



it is immaterial on which side of the principal diagonal we 
write that minor diagonal whose elements are —1. Also we 
may write 



a, 


-1 










. 








^2 


ch 


-1 







. 











as 


a^ 


-1 




. 






















• a„-i 


ttn-l 


" 
















. 


an 


«« 


«! 


1 








.. 











— 02 


(h 


1 





.. 














-as 


% 


1 


.. 























.. 


— a„_i 


^n-l 


1 














... 





— 0,n 


a« 



We shall employ the following notation : 
Xaiaoas'-'CinJ 



Thus 



/ Og Og a4 \ __ 

\ai tta Og aj ^ 



ai -1 

Og % — 1 

og as — 1 

aA aA 



Returning to 77 ? we may now write 

Qn 
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a, f "3 «^ - «» ) 

1 

/ tt2 Og ••• On \ 



or, /^ n^/i convergent to a continued fraction F is expressible as 
the quotient of two continuants multiplied by the first numerator 
ofF. 

139. Expanding 1\ in terms of the elements of the last row, 
we find / >, 

I\^aJ "3 «^ •** «" ) 



iu 


-1 








aa 


«:; 


-1 








"4 


^u 


— 


... 


... 


... 


... 























































^4 2 ^'n '1 



-1 



a» 1 t*»_i 



+ «««! 



ao -l 

ttg ag —1 







^4 



1 








^'4 

O-- 































a«-3 


«« 1 


-1 





O-n-'I 


«„-2 



( "« "^ - ""-^ V-naY "^ "^ - "»-^ ^ 

\a. a. ... «,. J \a., (u ... a^^s/ 



Similarly, 



Q.,~( "^ "^ - «» ) = aj «^' "•' - «'•-' ) 

+ a,Y "2 '^■■' - «''-^ "^ 
\ai a„ ■•• o„ 2/ 



= «» Qn-l + a„ Qn 2- 



(^) 



(5) 
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140. It is to be observed that the equations (A) and (B) , 
besides establishing the law of formation of the consecutive 
convergents to F, give the expansion of a continuant of order 
n in terms of continuants of lower orders. Thus, by (B) , 

f "^ "-^ "^ ) = aJ "' "' )+aJ "^ \ 

= «^«^ [a^'aj + "♦-« («'^ + "* {aX} 

141. Equation (B) is, in fact, a special case of the more 
general theorem 

/ ttg ttg a4 ••• a„ ^ _ /^ °2 as •••a, \ / 0^+2 *•• On "N 
Vai a2 ttg ... a^J " \ai 0.2 .«• aj V«r+i ••• ««/ 

V«l ••• ^r 1/ V^r+2 ••• ««/ 

This is easily proved by writing out the continuant of the 
first member in full, and expanding by Laplace's Theorem 
(55) in terms of tlie minors formed from the first r rows and 
their complementaries. 

We may also use (B) to obtain another expansion of Q„. 
Thus 

(as ttg . . . a„ \ ^ / flg a^ . • . a„ \ / 04 ag . • • a„ \ 
«i «2 ••• a,J "" ^'^ \a.2 a. ... aJ "*" *^ \as a„/ 

(C) 

as the student may easily verify by expanding the first member 
in terms of the elements of the first column. 

142. It will afford the student an excellent exercise to take 
the quotient 

a, ( "« '" ""A 

\a2 aa ... a^J 



/ ttg ttg •.. a„ \ 

[pi a^ ••• a, J 
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and, with the help of (C) of the preceding article, transform 
it into the continued fraction 

143. 57 or 62 established the theorem 

da^da^e da,* dOp^ do^j da,e 
Let A^Q.^f «« -^^ \ 

and let i = fc = 1, p = e = n. 

Then d^A ^ / «« ... a^.^ \ ^ ^^ 

where P„_i has the meaning assigned to it from the beginning. 
Also 



dA ^ / ag ... a„ \ = Pn, 
dan \«2 «3 ... a, J ^i 

Similarly, 



-— =020.3 ... a„; _— = ( — 1)«~1; 

dai« da,a 



and dA 

da„. 



^/ 02 03 ... o„_, \^Q^_^. 
. / ^2 ^3 ••• "n ^ /^ "8 "* •*• *^-i A 

/ 03 ... o„ \/ 02 ... 0„_i \ ^ ^ 



or Q„P„ 1 — PnQn-i = ( — l)"aia203...a„. 
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144. With the help of determinants we may now show 
that 

F=— — - ^^ ... "±-L_ *** cla-h ^^ a» 
equals 



jpi;_ tti Oa ^3 



aJat_i QCaf. tt^^.1 



(ll +02 +% +i»«*-l +«* +«*+! +«n 



Express i'^ as the quotient of two determinants, employing 
the form obtained in 137. Now transform numerator and 
denominator of this determinant as follows. Multiply the 
(A;— l)th column, and divide the (k — l)th row of each deter- 
minant by — a;fc_i. Then perform the same operations upon 
each succeeding row and column. Afterward multiply the 
(k — l)th row of each determinant by x. The value of the 
fraction is not changed', and we obtain for the value of F 



i«l 


-1 





. 


..0 














a^ 


-1 


. 


. 














0.3 


«3 


-1 . 


..0 













( 








. 


. Cl;fc_2 a4_i 




















. 


. —X aj,_iX 


— X 

















. 


•• a. 


a. 


-1 














• 


. 











'«! 


-1 





. 


..0 











02 


a. 


-1 


. 


..0 














Oil 


t'« 


-1 . 


. 











... 




- 





. 


."a^fc^o a*-i 




















. 


. —X a^.iX 


— X 

















. 


. a^ 


«& 


-1 














. 


. 












... 





... 





... 





... 





... 





... 





... a„ 


«« 


... 


1 


... 


. 


... 





... ' 





... 





... 




1 


... a„ 


Onl 
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Now divide tlie (A; — l)th column, and multiply the (A; — l)th 
row of numerator and denominator b\' —«*-!• Then divide 
the A;th column, and multiply the kth row of numerator and 
denominator by — a^.i^c, and perform the same operations upon 
the succeeding rows and columns. We obtain 



a, 


-1 





. 


. 








.. 











112 


-1 


. 


. 








.. 











«3 


«3 


-1 . 


. 








.. 

















. 


•• a;fc_ia; ciit-iX 


-1 





.. 

















. 


' af,X 


«* 


-1 


.. 

















. 


' 


a*+i 


a*+i 


-1 .. 

















. 


. 








... 


Ctn 


a„ 


a, 


-1 





. 


. 








.. 








«£ 


a2 


-1 


. 


..0 








.. 


. 








as 


a.^ 


-1 . 


..0 








.. 

















. 


• a;fe_ia; a*_icc 


-1 





.. 

















. 


• a^X 


«* 


-1 


.. 

















. 


. 


a*+i 


«*+l 


-1 .. 

















. 


. 








.. 


a» 


«n 



But this quotient is the continued fraction i^. 

145. In a certain investigation it becomes necessary to 
show that the denominators Di and D2 of the convergents 
to the fractions 



a-i +a2 



+ ctn 



and 



ttn +a« 



b 



are equal. 



Digitized by 



Google 



APPLICATIONS AND SPECIAL FOKMS. 

We have 

A = 



181 



and 



ai —1 







A = 







ttg —1 

-1 



a. 

















an -1 

b a„_i -1 

b a„_2 —1 












b a„_i -1 
b a^ 






























b 


a. 


-1 





b 


(h 



By reversing the order of the columns in D2, and also the 
order of the rows, and afterward making the rows the columns 
in order, the original determinant is unchanged either in sign 
or magnitude. But by these transformations D2 is changed 
to Dj. Whence A = A? as was to be shown. 



146. The quotient 



\b, c,\ 
I «i b, c^ 



can be expressed as a continued fraction, as follows : 





1 bi c\ 




1 




hy c, 


a, ?A, IbiCo] 


I&2 C3I 


bs c. 




«3 ^3 I^Cgl 1 


lai b2 C3I 


a, &i 0, 




tti 61 




cio bo C2 




ttg Z>2 \blC2\ 




a3 b^ C2 




«3 ?>3 l^i^al 
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b, 
h. 


' ; 63 

16,0,1, 1 Vhbn\ 

\byC^\\ 1 




b. 

— b^lbyC^] 



-1 


Irtlftjl by 

h, 

h 


(* 1 <h bx 1 
\hc,\\ i-6,Ia.6,,l 

62 63l6,r„| 


-1 


' 

-1 i 


|a,6J 6,1 





This process is equally applicable to show that, in general, 
the quotient of two determinants -- is expressible as a con- 
tinued fraction, provided only that 

. dA., . d^o . (ZAo . dAo 

Ai = — ^, or Ai = — = , or A, = — ^- , or Aj = -^—^' 



dan ^^iH 

147. The continued fraction 



da„i 



da„ 



F, = m + 



is evidently equal to 



ttj 0-2 



03 



For 



la, -1 

] a. -1 
10 ttg ^3 -1 







«1 +«2 +«3 






a, as 



«1 «2 






' -f- ' m — 1 

10 a, -1 

! a,, a, -1 

I ag a^ 

a« On i 







.. 





.. 





.. 





.. 





• a« 


a„ 



/ 02 tta ..• a^ \ 
\ai a^ ••• a„/ 
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But the first determinant in the numerator may be written 






-1 








«! 





-1 











a. 


-1 








Os 


a.. 



... 


= 


... 




... 




... 




... .a„ 0, 








-1 








«! 


a I 


-1 








"2 


Oo 


-1 








«a 


«3 















... 





... 





... 





... 





••• tt» 


a„ 







whence the desired result is at once obtained b}' substituting 
in the numerator of the value of Fi^ and adding the deter- 
minants. 

148. We may, with the help of the preceding article; express 
the value of the periodic continued fraction 



6, 62 h 
m -] — - — - — 

«1 +«2 +^3 



b. 



h 



+0.7 +«! -\-2m 



as the quotient of two determinants. (The * marks the re- 
curring period.) - 

If we put X for the continued fraction, we have 



X = on + 



h, A 



bi 



+02 -ha^ 



-fag +«! m+iK 



Then, by 147, 



/ b, b, ... b, b, b, \ 

\m Qi a., "* (JU2 Ui (ra + x) J 

X = . :: ; 

f bi hi ••• bo bi \ 

[cii ao «y ... Go «! (m-\-x)J 

clearing of fractions, and expanding, 

/ 62 &3 ••• ^3 ^2 ^\ of ^2 ^3 ••• ^3^2 "N 

^ \ Qi cu, ... as tti m y "*" ^ \ tti ag ••. ag aj/ 

^f bi 62 ••• h h \ , f ^i ^2 ••• ^2 Y 
■"V^ ai ttg •.• 02 ai m J ~^ \m cii a^ ... ag ai J 
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But the first term of the first member equals the second 
term of the second member of this equation. 



x = ± 



f bi bo ••• b<i b2 bi \ 

\m a I 02 ••• ag a., «i m/ 

/ 62 h ••• ^3 ^2 

\ai a.2 ^3 ••• ag a^ a^ 



i 



149. Let us now consider the ascending continued fraction 

On 



_ai + 



F' = rL 
a. 



02 + 
CI2 






+ 



Ol +«2 +«3 ^^^ +an 



Denote the convergents to F' by 



1> Pi 2h 

—1 — 9 — •» 

g ^1 (/2 






and let us obtain the determinant expression for the nth con- 
vergent. 
We have evidently 

^y« = «i«2«3 •••««• 

p„ is determined from the following equations, which the 
student can easily deduce : 



2h 

-^'3^2+^3 



= (I2 

= a3 



-a„_2P„-3+P„-2 =a„ 2 

— a„-lP„-2 + K-1 = ttn-l 
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185 



i>» = 


1 
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«! 




-ag 


1 





... 











ag 







-^h 
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... 











OJJ 
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... 


... 
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••• 


... 
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... — 


'««- 2 
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ftn- 
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-«»-l 
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«« 
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«» 


a» 
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«! 


-1 





. 


.. 












0-2 


«2 


-1 


. 


.. 












"3 





«3 


-1 . 


.. 












a,i 2 








. 


•• <-K 2 


-1 









«,» 1 








. 


.. 


«H 1 


-1 






a„ 








. 


.. 





«H 






«! 


-1 
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. 











^2 


a.2 


-1 


. 


. 











«3 





«3 


-1 . 


. 











ttn 1 
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• «,. 1 


-1 






^_^- 


a„ 
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. 


«« 






(In 


Oi 


-1 
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. 














^^2 


-1 
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. 














o' 


«3 


-1 . 


. 
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• «n 1 


-1 

















.. 


. 


Cin 







150. The numerator and denominator of - can be trans- 

formed into continuants, and thus the fraction F^ can be 
transformed into a descending continued fraction, as follows : 
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Multiply the last row of p^ by a»_i, and subtract from it the 
(w— l)th row multiplied by a^; then multiplj' the (n— l)th 
row by (i„_2, and subtract from it the (w— 2)th row multiplied 
by oLn-i ; and so on. Then 



ai -1 0. 
a2ai+a2 —a, • 
—a^s O,3l^-\-0Ls —au 





















Pn = 






an-l«n-2an- 



030201 



Similarly, 



^» = 



— ttiOg agOi-f 02 

-a203 


... 

— oi ... 
«3a2+a3 — «2 ••• 






















... 
... 


-a»-2 



an-ian-2 
+a„.i 


-a«-2 
-han 




0„_ia„_20^_3 . 


• 0201 







Whence, by 144, 



Pn 



oi ai02 



a20i03 



a„_2a«-3an-l 



«n-ian-2«n 



aj — Ogoi-fog — a8«2+«3 
the descending fraction sought. 



— a„_ia„_24-a„_i — a„an_i+a„ 
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151. Consider the determinant 


A = 


1 ai «i2 ... 




1 a, a.? .•• 




1 a„ a,: ... 


and the product 





X (as— a2)(a4— a,) ... (a,,— a,) 
X K-^y) ••• (««— «3) 

X (a„-a„_i) 

of the -(ti— 1) differences of the n different quantities involved 

in A. This product is called the difference product of the n 
quantities ai, ag, ••• «„, and for it the notation ^^(aj, a2, ag, ••. a„) 
has been adopted. 

The reader will remember that the square of the difference 
product was denoted by ^(ai, ag, ••• «„)? ^^'^^ thus the difference 
product itself is very appropriately designated by CK^i* a2> ••• ot„). 

We shall now show that 



A = P = ^-{a^, aa, •••, a„). 



(1) 



If in A we put a-, = a^^, A vanishes ; hence A is divisible by 
each factor of P, and hence by P. Again, A and P are each 
polynomials of degree - (?i — 1), and therefore 

A = AH(ai, ao, ag, .••, aj, 

where A is a factor independent of «!, a^, ••• ««• From the 
special case 
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= 1 (ll (tl" 

, 1 a^ a.f I = (a.— ffi)(^3— «i)(«a— «2)» 
, 1 ch^ (h- 1 
we see that X= 1, and thus the truth of (1) is established.* 

152. A of the preceding article is evidently an alternating 
function ; for the interchange of a^ and a^ amounts to an 
interchange of two rows in the determinant, and hence changes 
its sign. A is accordingly an Alternant. In general, an alter- 
nant is a determinant in which each element of the first row is 
a function of Xi, the corresponding elements of the second row 
the same functions of x.,^ and so on. Thus 



A = I /,(.r,) Mx,) ... Ux,) 



= A[Mx,), Mx.;) ... /,(a,„)] 



is an alternant. 

153. We can easily show that 
A= 1 1 Mx,) /,(.rO ... /„_,(.r,) ' = Xi^{x,, .r,, ... .rj, 

I 1 MXn) f.M - fn-Md 

where fr(x) is a function of the 7'th degree in oj, and \ is the 
product of the coefficients of the terms of highest degree in 
the several functions. For subtracting the first column mul- 
tiplied by the proper number from the second, we reduce the 
elements of the second column to 2hXi^ Pi^it Pi^^i ••• Ih^w 
Then subtracting the sum of the first and second columns, each 
multiplied by the proper number, from the third column, the 
elements of this column become iux^-, 2h^'f^ '" P^^n* Vvo- 
ceeding in this way, we see that finally 

A = AC^(xi, .To, ... a;„), 
* See also examples and 7, page 37. 
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where X = j>^ . jk • • • ^>„. 

For an example, putting 

x(x-l)(x-2) ...(oj-r+l) 



C-(Xiy X.,. ..' X^) _ 

(n-l)!(?i-2)! ... 2!' 



we have 

A=' 1 /j(x,) /,(x,) ... /,._,(x,) 

1 Mx„) Mx„) ... /„..,(x„) 

154. Every alternant whose elements are rational integral 
functions of Xj, arg, ••• .t,,, is divisible by ^^(x^, a%, a^g, •.. »„), 
and the quotient is a symmetric function of the variables. 
For the alternant vanislies if Xi = it\, and hence is divisible by 
Xi — Xkj and thus by i^(a;j, Xo, ••• ic^). The quotient must be a 
symmetric function, for the interchange of x^ and x^ changes 
the sign of both dividend and divisor ; therefore the sign of the 
quotient remains unchanged upon the interchange of two of 
the variables, and is accordingly a symmetric function. We 
shall now actually perform the division just considered. Alter- 
nants whose functions are powers of the variables are called 
simple alternants, and are of frequent occurrence. We proceed 
first to the discussion of simple alternants. 



A(x^\ .a'2, x^'"' a;"_i, xj) 



155. The quotient 


1 Xi ... itV*-- Xi^ 
1 X.2 •" x.r~^ x.f 


-^0{x^,x., 


1 x„ ... x,r-x,;^\ 


may be developed 


as follows : 






Expand the dividend A in terms of the elements of the last 
column, and we obtain 
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= a-V-^ + ^.., i?^ + ... + a:,' i^ + ... + x-^ . 



(1) 



Now, it in evident that each of the miuors iu this expansion 
is a difference product. 
Thus 

1 ^r-l *^r-l "' *^r-l , 

1 it-, -v' ... a-r' 1 

Substituting in (1) the values of the minors as found from 
(2), and dividing both members of (1) by i^(x\^ a\,, ... a:,,), wo 
have a series of terms, of which 

(-_l)"+^r,' 



(X„-X,){X^_1-X,) ... (x,+i-X,){X,-X,_^) ... {x,-'Xo){Xr—Xi) 

is the type. Thus we find 

A{x:\ X.?, x,\ a:;:rf, x„^) 
^-(j.'i, O/'g, ..., X,J 






r=i (.^„-a;,)(a;„ ^-j;,.) ... (.tV+i-a;,)(.tv-itv .j) ... (a?,-.i'i) ' 



or 



+ ••• + 



(x*i— x'„)(j;i— a;„ .1) ... (^'i— u.\,) 
a?/ 

" 5L2 



Digitized by 



Google 



APPLICATIONS AND SPECIAL FORMS. 



191 



+ 7: 



a^Li 



(a^'«-i-a^n)(a?»-i-a?n_2)(aj„_i-a;„_3) ••• (aj„_i-a?i) 
. ^ __. 

For an illustration, we have 



1 2 16 I -5- I 1 2 4 
1 3 81 I 13 9 

1 5 625 I I 1 5 25 



16 



81 



625 



= 69. 



(2-5) (2-3) (3-5) (3-2) . (5-3) (5-2) 

156. With the help of the preceding article we may reduce 
the quotient 

C(Xi, X2, ••• Xn) 

to the sum of two similar and sunpler quotients, as follows : 
Since 

^(a^^ X2\ Xs\ ... 0?::!, a:/) - x,A(x,\ x,\ x,\ ... ajjif, x,r') 



= 1 iCl Xi' 



xr^ xr\x^-x^) 

Xr^ fl?2'"'(^-««) 



1 i»»-i aJ^«-i--- «Sli ««li(^»-i--««) 



1 «u a;J 



a?r 







(1) 



we have, after dividing both members of (1) by i}(xi, Xz,-" x^) 
in accordance with 155, and striking out the factor common 
to numerator and denominator of each term in the second 
member, 

A(x,^, x^\ xi, ..., a^?, a;„«) x^A{x,\ x,\ x,\ ... a^lf, x^^-^) 



^^{Xi, Xo, .-., x„) 



^H^i5 ^2. ••• ««) 
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+ 






+ ... + 



K-l-.''« 2)(a<-«-l-ar,,-3) ... (X„_i-Xi) 



But the sum in the second member of this equation is, 
by 155, 



1 J'l xC' 

1 X. .v.? 



x'{' 1 -^ ^i(a:i, x.,, •••, a;„_i). 



a-.,^ 



7-1 



1 X y JT 1 ... y ■? x^~\ 

Transposing, we have 

A{x,\ x.\ x,; \ .. . a';ii, a;/) ^ .r,..t«, a?^', ^y, ... a^,;_i, a;^'-^) 
4^(Xi, u,-.,, ... x„) ^i(a;i, a;., ... x„) 

C-{x^, a-.., ... X„ i) ' 

which is the desired reduction. P'or example, 



'1 X xr\ 



' 1 X X' ' 

' 1 y f ' 

, 1 z Z' , 

(,^{x, y,z)'"^ ^^{x, y, z) ^ ^'(x, y) 



I y y- 1 I 1 X- 

\ z z-\ I 1 y. 



■■X'\-y + z = Ix, 



! 1 X X" I 

1 1 y }f ' 1 



.1 



1 X x*\ 
1 ?/ y^ > 

1 2 ;^"* I I 1 2; 2r* I i 1 y" i 

i^{x, y, z) l}{x, y, z) ^^(x, y) _ ^ J f_ J J ^ 

The student may show 



1 X x'' 
1 z z' 



^K^5 2/5 2;) 



= Saf^-f-2.r> + x7/2. 
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1 X of* 

1 y f 

\ Z 2« 



i* (a;, y, z) 



= %x^ + %x'}j + 2.<v2 4. ^:^yz. 



157. Since every term of ^*(a:i, oJ;,, •- a*,,) coutaius a permu- 
tation of all the powers of the variables from 1 to ?t — 1 , each 

term is of the -(n — l)th degree. Similarly, every term of 
A{x,\ x,\ x,% ..., it-.f, a.;0 is of degree (n-lHn-2) ^^^ 
Hence every term of 



Q = 



^-(•^'i' a;., .••, a; J 



is of the (q' — 71 + l)th degree, as is illustrated in the exam- 
ples of the preceding article. We shall now show that every 
possible term of the (g — ?i -f 1 ) th degree in the variables is 
found in Q, and that every such term is positive. That is to 
say, the quotient Q is the complete symmetric function of degree 
(7 — n-f 1) of aji, X2, •••, x^. 
Such a term of Q is 

I =^ Xi X2 a-y • • • a?'„_2 ^»-i ^u« 

By successively applying 156, we develop Q so that the 
terms containing «„, x^x^,^_i, x,^a^„_ix\_2^ etc., are at once 
distinguished. In the first place, 

x^A{XifX2,x^,'-',x*i_'2^c(^_'i) ^ ^ ^ x^ *A ( ^'1 > 3^2 , a;^ , ' • • , a;"_9, 3/^-1 ) 
4 (a?i, x,j,^ •••, a;,j_i) 4 (Xj, a?2, •••, a?H_i) 

The second term, 



CHa^i, it\>, •••,a;„.i) 



= Qi, 
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contains the first power of x,^ ; hence we must look for T in 
Qi. Applying 156 to Qj, as before, we have 

"L ^*(^i5 ^2'^ -1 ^» 2) fH^i» ^2y •••> ^n-2) 

^af,.i ^(a?^ xj, xj, «.», iggll, a;r4 ) _j_ .., 
4- (0*1, a'2, •••, a;„_2) 






j«y — n I 
t (^? ^29 *••? ^n-2) J 

In this expansion we must look for T in the third term 

Q2 niay be expanded as before ; continuing in this way, we 
finally obtain the term 

^ 7 ^ aA(xlx^, 

Xn^f^n I'^'n 2'" ^3 -^n ^» 

i^{X^X2) 

for the coefficient of aJ„»^„_ia;'„_2 "• x^ contains only Xi and a^, 
and is of the third degree. Upon performing the division, and 
multiplying, one of the terms is T. Since T is any term, the 
proposition is established. 

Employing the notation Hr for the complete symmetric 
function of the ?th degree, we may write the result of the 
present article 

A{Xi , X2, itg", •••, it'Jl^i, X^) __ jr {o' ^- ... ^ \ 



or simply 



^q-n+l- 



For illustrations the student may refer to the examples in 
the preceding article. 

* With this notation, ITy =r 1, // ^ = 0. 
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Again, 

1 X Sir '£ 

1 y f / 

1 z z- z' 

1 t f f . . 

158. From the two preceding articles we have at once 

Hr{xy, aj2, . . . , a'„) = x„Hr i (^i. a:.,, • • • , x„) + //.(iCj, a;., . . • , a;^_ j) . 

(1) 
Whence we readily obtain 

Hr-i{^u X., . . ., a-,.+i) = .T,.+i^^_2(iCi, X., . . • , .r„+i) +//,_] (aji, x.^, • • -, a;,,); 

.•.iy^i(ifi,ic,,, .••,a-„) = i/,_,(.77„a-., •••,a\,+i)— •''»+i^^r-2(.^'i,i«2, •••,•'•,*+!). 

Substituting in (1), 

Hr{x^, X,, ..., a;J = a-,.[iy,_i(a;i, ic., .••, o-Vh) 

Similarly, 

— X,,H,_2{X^, X,, ..., .C„+i)] +^r(A'U ii\'. •••, -^n- l). (^) 

P^rom (2) and (}^), 

Hr(xi, Xo, ... x„)-JI,{xi, a-,, ... .T„_ia;,^i) 

159. If any alternant whose elements are powers (simple 
alternant) be divided by the difference product of its variables, 
the result is expressible as a determinant whose elements are 
complete symmetric functions of the variables. That is to say, 

- //a I. 



A(xt,xS, ... xt) _IIa Ih 

I IIaL~n\ 1 Iffi~n I 1 • • • J^K u\\ 



I ... 
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This may be proved as follows. For brevity we employ 
determinants ot* the third order, but the method applies, of 
course, to determinants of any order.* In the alternant 



A{Xi,X2,X.i) = \Xi Xi 

X 



it*2 



(1) 



J 



subtract the first row from each of the other two, then remove 
the factors {x.^ — Xj) , (Xo — Xi) . Afterward subtract the second 
row from the third, and remove the factor x^ — it'g, employing 
equation (4) , 158. The result is 



Ajx'^y, 4, xl) 



H^{x,) H^{x,) Hy(x,) \ 

Ila-ii-i^i.x.) Hp-i(xi,X2) Hy-i{x^,x.,) I 

IIa-2(XiyX2,Xs) Hp-2{XiyX2,Xs) Hy^2{Xi,X.2, X^)] 



The determinant on the right we now transform as follows. 
Add the second row, multiplied by a?2, to the first, employing 
equation (1), 158, and obtain the determinant 

I^ai^i^ ^2) ^^(a'l, x.) Hy{x^, ii-o) 

Ha-\ (a^i, a.%) J7^_i (xi, X2) Hy-i (it'i, x.) 

Ha-2{Xi, X2, X.^) JI^-2{Xi, X2, Xs) ITy-2(Xi, X2, X.) 

Now add the third row, multiplied by 0^3, to the second, 
again employing (1) of 158; finally, add the second row, 
multiplied by Xg, to the first. 

AVe then obtain 



J y a p y. 
A(Xi, Xot X^) __ 



Iia{Xi^ x.j-, x^) lifii^Xi^ X2^ Xq) xzy^aJi, a?2) •^3) .3 

Ha-l{Xi,X2,X.;) H^i(Xi,X2,Xs) Hy-l(Xi,X2,Xs)\ 
Ha-2{Xi,X2,XQ) H^2(Xi,X2,Xs) Ky-2ixi, X.,, X.^)] 



as was to he shown. For an example. 



* The mode of proof here given is due to Mr. 0. H. Mitchell, American 
Journal of Mathematics, Vol. IV., page 344. 
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a or 
b b* b' 
c c* & 



tC = abc \ 1 a' a* 



1 b^ W 
1 c-' c* 



z=zdbclS^{a,b,c) 

=zahcl^{a,b,c) 
^ahc^^(a,b,c) 
= (ibc^^{ayb,c) 
= a7>cf^(a, by c) 



Ho(a,b,c) H^{a,b,c) H^{a,b,c) 



Hi 
H . 



H, 



H, 
Ho 



H H, 
Hi H2 

2a2 + ^ab 2a-' + %a^b + %abc 
2a 2a2 + 2a6 

-2a& -2a2i^-22a7/c 
2a 2a2+2a?> 

— 2a^^ 2a/>r | 
2a — %ah 



= abci\a, b, c) (2a-Vr + ^a^bc) . 
160. Form the product 



P = 



an ai2 
ct2i ^22 



^2« I ^2* ^'T 



, »- 1 />, n--2 



ar, 


1 


x^ 


1 


•^'/i 


1 



changing the columns of the first determinant into rows before 
multiplying. If we put 



we find 






fli^o) f2(^2) '" fn{x,) 
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If now 
we must have 



f,{x.)'^{,r,^yy-\ 



^ CtO^-^^') C7^)(-^^^^')' C^O^-^^)' - (-y^)*"'! 

1 C70^"^"^ C^O^"^"^' C^O^""^"^' "* (-2^«)'^'l 



where 



But this last determinant evidently' equals 

•^^'(-l)'^""^^fH?/i^ ?/2i 2^3, — , y«), 

where K is the product of all the binomial coefficients of order 
n — 1. We have, accordingly, 

= A^^H^'b •'^i', ^\!, •••, •'^«) ^-(^H jVlm ?/.,, •••, 2/„). 

If now a\ = y,.y we have ^(.^-i, ii*2, a*;., •••, .r,,) in the form of a 
determinant. 

161. Suppose now that ai, ao, •••,a„ are the roots of an 
equation 

fix) = 0. (1) 
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Then ^*(ai, 02,03, ---jan) is the product of the differences of 
the roots of (1). Square this determinant, obtaining 

^(01,02, ...,o„) = 



1 + 1 


+ ■ 


•+!,. 


«1 +"2 + • 


•+an 


Oi -\- Qo 


+ ■ 


•+«„ 


a/+a| + . 


■ +a:- 


ax' -^ai 


+ ■■ 


•+a,f 


at+ai+.- 


•+a,f 



_ n— l_i _ n— 1 _i_ _i_ ^ 7 



«1 



«! ■i-O-2 + ••• + ttn 



« »— 1 I ^ n— 1 I I „ n— 1 

af +«2" H |-a,r 

Oi«+l4-a2"+^+...+o,ri 



^+ar -^+-+aj 



tSg Si §2 



^n+1 



where, as usual, 



S^ = Oi" + og -f ••• + a,r. 



162. The preceding article gives us an expression for the 
square of the differences of the roots in terms of s^. We can 
also readily obtain an expression for the sum of the squares 
of the differences in terms of Si as follows. 

We have 



by 



1 1 1 

a ^ y 



Sq Si 
Si .s., 



= S(a-/3)» 



163. We shall conclude our discussion of alternants with a 
theorem on the reduction of alternating functions to alternants.* 

* "Reduction of Alternating Functions to Alternants," Wm. Woolsey 
Johnson, American Journal 0/ Mathematics, Vol. VII., page 345. 
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Any function of the form 

<^i(a, bed •" I) </>2(a, bed •-. I) ... </>„(a, bed ... I) I 
<^i(6, acd ... /) </>2('^? ««? •••0 ••• <t>n{^^^ «^^ ••• I 

<l>i(l, (ibc •••A) <f>2{U (djc ..-A) ... KJ>,,{1^ abc ...A) 

is evidently an alternating function of a, b^r, -^ l^ if 

</>(a, &cr? ••• /) 

denotes a function of the n quantities a, 6, r, .../, which is 
symmetrical with respect to all the quantities except a. If 
each element of this determinant contains only the leading 
letter, (1) becomes 



l/i(^) Ma) Ma) - Ma) 
!/i(^) M^) Mh) - /.W 



(2) 



/i(0 ./;(0 M^) - X(0 



an alternant, which we represent, as usual, by its principal 
term, 

c/i(«),y:>w,/3W,-/«(0]. (3) 

Now, if the principal term of (1) can be separated into parts 
of the form (3), then the given alternating function (1) is 
equal to the sum of the alternants represented by these partial 
terms. This is proved as follows. Since an interchange of 
two rows of (1) is equivalent to an interchange of the corre- 
sponding letters, any term of (1) can be obtained from the 
principal term by a suitable transposition of the letters, and, 
similarly, the corresponding term in each of the alternants ma}^ 
be derived from its principal term by the same transposition 
of the letters ; hence every term in the expansion of (1) is 
equal to the sum of the corresponding terms in the expansion 
of the alternants. 
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Accordingly, if a determinant of the form (1) is expressed, 
as usual, by writing its principal term in ( ) , with commas 
between the elements, we ma}' erase the commas, and treat the 
expression within the ( ) as an ordinary algebraic quantity. 

Thus, 



bed 1 a c? 

cda 1 b b^ 

dab 1 c c^ 

abc 1 d d^ 



= A (bed, l,c,d:')=A (a^ 6, <r, d^) = ^^ (a, b, c, d) . 



Again, 



1 2,2 _,_ ^2 ^2 _^ ^^ 

1 c2 + cr W + ca 
1 a^ + ^Z c'-^ab 



= ^(1, ('2 + a2, c2 + a7>) 



^A{ci!\ V\ c') +A{a\ b\ ir) -f yl ((/, b, <-') +A{a\ b, c^') 
. = - yl(<t^ b, c') = -(a + b + c) CK«, h, c) . 

Functional Determinants. 

164. Consider the following n functions of the n independent 
variables a\^ a'o, ••• .r„. 



^2=/20^i, a?., --sag 



(1) 



These functions will be independent if for every set of values 
of ^]>2/2j ••• 2/h equations (1) determine one or more sets of 
values of a^i, a;.,, ••• .t„, so that these latter variables can in their 
turn be considered as functions of the n independent variables 

2/1,2/2, •••2/n- 
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Differentiating equations (1), we have 

dy, = f'dx, + ^dx, + ... 4- l^'dx,. 
Sxi Sxi 8x„ 

dy, =^'dx, -h^d^, + - -hl^dx^ 

6Xi 8X2 OX,, [. . /2) 



dyn = ^f'dx, + pdx, + ... +^^dx,, 
6Xi oajj 6x,, 



Regarding equations (2) as a system of equations for deter- 
mining dxi^ diCj, ... daj„, the determinant of this system 



8x1 8x2 8x„ 



8x1 8x2 



8Xa 









is called the Jacobian of the given functions 3/1, 3/29 ••• ^m* 
Or, in other words, the Jacobian of a set of n functions, each 
of n variables, is the determinant \kiJ, in which the element 
kj^ is the first derivative of the pth function with respect to the 
qth variable. Thus, given 

2^1 = a2^ -I- 2 bzt + cf^ yo = a^z^ 4- 2 h^zt 4- c/. 

The Jacobian 



5 (yn 2^2) _ ^ I «« + ht hz + ct 



8{z,t) 



I %2? 4- hit biZ 4- Ci^ 



yi hz 4-c« 
2^2 &i«4-Ci« 



1 

yi hz -{-ct c 
2/2 b^z 4- Ci^ Ci 



= 4 



^2 -«« ^2 
a b c 
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165. If the functions 2/1, .Vi'» •••?/„ are not independent, but 
are connected bv a relation 



the Jacobian vanishes. 

From (3) we have, by differentiating, 

8^ 8^1 _j_ 85^ %2 _| ^8^ . ^^ = 



82/1 8a;2 8^2 80:2 



8^ %i 85^ 8^2 , , 
82/1 ' Sx^, 8^2 ' 8a.-„ 



8^ ^ 8^1 _ Q 

%« 8x2 



-I- ^ . ^. ^ 



32/» 8a', 



(3) 



(4) 



From their mode of formation, equations (4) are simulta- 
neous. Hence the determinant of the system vanishes by 77 ; 

J = 0. 

We shall show presently' that if the Jacobian of a set of 
functions vanishes, the functions are not independent. 

166. The Jacobian of the implicit functions 



Fi (xi, 0^2, ••• a;„, 2/1, 2/2, ••• 2/n) = '^ 
F2 (.Ti, .T2, •.. .r„ 2/1, 2/2, ••• 2/«) == 

i^»(aJi, •'^^^ ••• ^\n 111, 2/2, ••• 2/.) = J 



(5) 



is found as follows. 
Equations (5) yield 

_^^m . ^jh^m . §^2 _p ... + §^- . §it 

hxj, Syi Sxj, 82/2 8.Tjt 82/„ 8.^;^ 



(6) 



(i, ^'= 1, 2, ..., ?i). 
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Using equation ((>), we find the product of 



to be 



8Fi 8F, 


8F, 


and 


%1 
to, 


to, 


8yn 
- to: 


RF., SF, 


RF, 




%1 


8^2 


82^» 


%1 %L' 


&yn 




8x, 


to. 


8x2 


8^„ 8i^„ 
8,'/, 8,% 


8y„ 




82/1 

to,. 


8% 
to,. 


8v„ 
to„ 


(-1)- 


8ii', 


8F, 




SFi 




• 


Sx, 


&B2 




8a!,. 






8F2 


SiiT, 




SK 






6X 


8.r2 




8a-„ 






SF„ 


SF„ 




s-f; 






8.T, 


8x.2 


... 


to-„ 





Whence 



•i^«) 



Vn) 



(7) 






If ill (7) we put ?i= 1, we get 

__8Fi_SF\ d^ 
Sa'i Sf/i dxi 

a well-known formula. 



167. If in equations (5) we consider a?i, a^g, ••• a:„ as func- 
tions of ^1, 2/2) ••• 2/n? ^G obtain, as above, 

r^y HF,,F,r-F,,) ^ S{F,,F,r-F^) ^B( x,,x,,.^^x,) .^. 
S(yi, 2/2, ••• 2/«) S(^'i^ ^2, ••• i»«) 3(2/1, 2/2, ••• VnY 



f)igitized by VjOOQIC 



(9) 
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From (7) and (8), 

168. Again, having given the ^i -\-i} functions, 

F^{x^, Xo, ... .r„, 2/1, 2/,,, ... y,,^^,) = " 
Faixi, .r,„ ... .r,„ yi, yo, ••• y„.f„) = 

K+pi^i, ^^ '" a;„, t/i, 2/2, ••• 2/n+p) = ^ 

The Jacobian 

8(0^1, aj2, •.. icj 

of the first ?i of these functions is found as follows. Differen- 
tiating equations (10), we find 



(10) 



Sx^ 8?/i Sx^ Sy.2 ^^k %«+,, 8^k 

(i== 1, 2, ... 7i-\-p ; ^•= 1, 2, ... 7i). 

Now multiply together 

A = 



w 



%1 


8F, 

8y. *■ 




X 


8//1 


8.V2 
8j;, ■ 


8y. 

•• 8x; 


Si?; 








8y, 
8x2 






8^1 


%2 






82/1 
8x, 







first writing J" as a determinant of order n -j-^;, thus : 
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8.'/i 
8x, • 


8^1 












8y.+P 


%i 


«'A 


82/„.i 


«.'/».,. 


6x„ 


■■ SXn 


K ■ 


«•'•. 



I 







Calling the prcxluct I', we Lave 
P=(-l)» 







8F, 




sf:, 


8i?; 


8Fo 


8i^, 


Sx-i • 


" &«,. 


<5y»+i 


2y»-,;. 



= (-i)V. 



8^-1 *" 8j;„ %„^i *" 8y„^ 
8(Fi, /I, ... F„,,) 



82'' 
since, b}' equation (b) for fc^?i, tlie element a,^ of P is — -r— *; 



and for ^• >?i, 



8i?;. 



SiCjfc 



We have, accordingly. 



J = 



169. Suppose equations (5) yield upon solution 

2/1 = <^i(^'i, a;., --ja^J. 



(^) 
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Solve (c) for a;^, and substitute this value of Xi iu the 
remaining 71 — 1 equations; then ^2? 2/3? • • • 2/» t>ecome functions 
of yijXo, ---itv Thus 

2^2= <^2(2/i>^2^ ---^'n)- W 

Solve (d) for Xi^ substitute the result in the remaining 71 — 2 
equations ; then yg, 2/4, ••• y» become functions of 



Viy V'l^ ^'3» "'j •*'»f 

Thus 2/3 = 03 (.Vi? 2^25 a^a, • . . , a;„) . 

Solve (e) for iCg, substitute as before ; and so on. 
We obtain the equations 

2^1 — 0i(^'i?i»2» •••^«) =0 

2/2- <t>2{yi^^2y '"^n) =0 

2/3- 08(^1, 2/25 a^3» •••^n) =0 





Un-<t>n(yi,y2, ••• 


2/h-i 


... a;.)=0 


By 166, 


j=Kyi^y^2. -yn) 


= (-!)• 


8{X^,X2, "-yn) 


_80i 301 
8x1 8x2 


S01 301 

&»3 *" 8aj„ 




1 


-^2 
8a^ 


802 802 

8*3 "' &f,. 




8<^ 1 





8<^ 8<^3 


-f- 


_8^ _8^, 





•„■ : _L 




%1 %2 




_ 801 . 802 ^ 
8a?i 8a?2 










1 



% 



(«) 



(11) 
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That is to say, the Jacoblan of a set of functions yi, y^, ••• ynt 
each of n independent variables .Tj, a\,, ••• a:„, is expressible as a 
product of n differential coefficients of the furictions </>i, </>o, ••• </>,^, 
ivhere <f>r ^'** « function of y^, y^,, ••• y^_i, av, ••• ic„. 

170. The result just obtained may be employed to show that 
if the Jacobian of a set of functions r<(nishes^ the fujictions are 
not independent. 

For, if T _ 5</>i ^</).. h<l>^ 

vanishes, some one of the coefticients, say 

where i has one of the vahies 1, 2, ••• ?i. But if -^' = 0, <^| 
does not contain a.\, /.e., * * 

Also y,+i = <^...^i O/i, //., ••• ?/,, .ivi, ••• ^-J. 

From these two ecjuations, 

2/.-,i = ^.:i(//i. //iM ••• ^., .'\,.', .'\+a, ••• -O; 

therefore ?/^^.l does not contain .r,. j. lu the same way we may 
show that 2/i|2 does not contain .r,^^,, and so on. Hence, 
finally, 

yn = ^niyi^y^^ •••:'/« i); 

or y,, is expressible as a function of the remaining n — 1 func- 
tions, and hence the given functions are not independent. 
For example, if the given functions are 

(1) u=x-\-y, (2) v = x — z, (3) w = xy -\-xz — yz --z^^ 

J= 1 1 y-j-z 

1 x-z 

— 1 x — y — 2z 
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J evidently vanishes. Accordingly, (1), (2), (3) are not 
Independent. That the given functions are not independent is 
easily shown directly as follows. We readily obtain 

y = u — V — z, ,'. ic = V {t.c — v) ^ 

as was to be shown. 

171. If the functions yi, y2, ••• t/„ are the ?i partial derivatives 



Sxi SxJ' 



8f 

•f—, of a function /(iCi, ccg, ••• x„), the Jacobian 

Oil',, 



Hif) = 



8=/ 


8a;i8x2 


8«28a;,, 




sy 


sy 



Sx^Sxi SxnSx2 



jy_ 






is called the Hessian of {x^, x^, • • • a?„) . The Hessian is a 
symmetrical determinant, since 

sy sy 



8.T,8.r, 



d.)*;td.<^j- 



If the derivatives -^, -^ ••• tt-?' Jii-e connected by an equa- 
Ixllx^ 8x„ -^ ^ 

tion, with constant coefficients 

^ri /- + o, -'- + ... + a„-^ = 0, 

0.1*1 0X2 oX^ 

the Hessian must vanish. 

172. Let fi^fo, "'fn be n given functions of the same 
variable x. Suppose the functions are connected by the linear 
relation 

ai/i + «,/2 + a3/3+ •.. +«,/„ = 0, (1) 
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in which Ui, a^, •••a. arc not functions of x. Differentiating 
(1) successively n — 1 times, we have 



ajr^ + a-J-r' + uJ^ •+•••«„/»"' = . 
Eliminating «i, aj, ••• «„ from (1) and (2), we find 



(2) 



/. /. /s 

fl' /.' /»' 

/•n /"/f /"ff 

/l ^2 Ji 



'fr'fr'fr' 



/. I = x> (/„/„/„•••/.) = 0. 



(3) 



The determinant of (3) has been called the Wronskia7i of 
Ji>/2? •••/»• We see from (3) that if the functions /i,^, •••/» 
are connected by a linear equation of the form (1), the Wron- 
skian vanishes. 



173. If we denote the given functions by yi, 3/21 '"Vn^ and 
the derivatives by yu,y2ij '" (*'•€., the second subscript denoting 
the derivatives), we may write (3) 



Vn 2/21 



y»i 



= J^ (2/1,2/2, 2^3»—2/«)=0. 



2/1 u-l 2/2 «-l ••• Z/un 1 ! 

Now y being any function of a?, we find 

2/^*^(2/15 3/2, 3/3, •••2/«)= 2/i2/ (2/i2/)i • 
2/22/ (2/22/) 1 • 

2/«2/ {y^)i • 



(4) 



(2/i2/)»-i 
(2/2S/)«-i 

(2/n2/)»-i 



(5) 
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in which the subscript k of {yiy)u meaus the /tth derivative of 
(m)- That is to say, the Wronskian of y^^ y.^^ ••• y,^y is 
the product on the left in (5) . This is made evident by notic- 
ing that since 

(2/.-2/)i = Viiv + Viy\ {yiy\ = y^iy + '^Vny' + y.y", 

etc., where y\ y"^ •••, are the successive derivatives of y^ tlie 
determinant on the right becomes a sum of determinants, of 
which the first is the product on the left, and all tlie rest 
vanish. 



174. We find 










dD{y^,y.>, ... 


^ Vn) ^ 


2/1 


2/11 • 


• 2/ln 2 2/ln 


dx 




2/2 


2/21 • 


• 2/2 H 2 2/2 H 






yn 


2/nI " 


• 2/»« 2 2/„« 



(^) 



for in the sum of determinants which make up the derivative 
sought, all vanish except the one expressed in equation {A) . 

176. If in 173 we put y = —, the Wronskian on the right in 
(5) reduces to ^^ 



\yJ^ W2 '" W»-i 

l/n 1 



V2/1/1 \2/l/2 



Now 



2/i/h 1 



=4©i©;-(S).] 



^^ (2/n 2/2) (y^ _ i> (yi^ 2/3) 



2/r 



©.- 



/y»'\ ^ ^ (2/1^ 2/»)^ 

\2/i/i~ ^? 
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Then if we put 

^ (?/i^ 2/2) = ^2, D (2^1, 2^3) = 2^3, ... I) (7/1, y„) = 2?„, 
we get 

D (?/i, 2/,, ... y„) = -|-., Z> (^„ ^,, ... ;^„) . (0) 

176. We shall employ the result just obtained to show that 
if the Wronskian of yityzt -•- Ifn vanishes, the functions are 
connected by a linear equation having constant coefficients. 
Suppose that y^ does not vanish, and since by hypothesis 

^dh^yj^ •••2/J = o, 

by (6) of the last article we must also have 

yr " 

Therefore, by 172, the ?i— 1 functions Z2y 2^3, • * • z^ are connected 
by a linear relation, i.e., 

a'jZ'2 + (-h^'i H f- «u2?„ = 0. (7) 

Dividing (7) by 2/1^, and restoring the values of z.^^ 2:3, ... 2?„, 

Integrating (8) , we find 

^1 2/1 + «2?/2 + «»?/3 -i h «>. 2/u = 0. (9) 

Therefore assuming that if the Wronskian of ?i — 1 func- 
tions vanishes, the functions are connected by a linear relation, 
we have shown that when the Wronskian of ii functions van- 
ishes, the functions are connected by a linear relation. But 
the assumption is obviously true for two functions, hence the 
theorem is true uuiversallv. 
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Linear Substitution. 
177. If the n functions (one or more) 

/l = (III -^'l + «12 ^\' + • • • + «lH ^\ ' 
f'l — Ooi Xi + aog X. + • • • + «:>„ ^n 

fn = (fnl^'l + (fn-'X- + '•• + ((nu'^'n 



(1) 



are transformed into functions of j/uy-jt ••• ?/„ by the following 
linear substitutions,* 



^1 = ^11 Vl + &12 2/2 + ••• + KVn 

X. = 6,,i ?/i + ?>,« ?/. + ••• 4- &2h?/« 



y ^ 



•^•„= ^n2/l + ^h2?/2 + ••• + ^>n.Vn , 



(2) 



the determinant 1 h^,, I of the system (2) is called the modulus 
of transformation. If the modulus is unity, the substitution 
is unimodular. If ii'i, a\,, • • • if,^ are independent, the modulus 
cannot vanish. 

178. If the functions (1) are transformed by means of (2) 
into 

/l = will Vl + Wli2 2/2 H h "iihn Hn 

fi = tn^i Vi + wi22 yo H h W2„ 2/~ 



the /letenninant of the system (3), 

I mil w«22 ••• wi„,J, 



('0 



* Tlie learner can understand the importanoe of linear substitution by 
noticing that such a substitution is the process involved in transformation 
of coordinates in Geometry. 
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equals the product of the determinant of the given system (1) 
by the modulus of transformation. That is to say, 

This is proved as follows. The coefficient of y^, 

is found by multiplying equations (2) by a.ii^/s? ••• «tn? respec- 
tively, and adding by columns. Whence, by 53, we see that 



mil mi2 

^21 7«22 

m„i m„2 






an a,2 
a2i a22 






K ^2 ••• Ki • 

621 ^22 ••• ^2j 



179. If f{xi,X2, '" 37,1) is to be so transformed by the sub 
stitution 

^1 = /Sii 2/1 + /812 2/2 H + Pm Vn 

a^2 = /S21 2/1 + fe 2/2 + ••• + Pon Vn 



(a) 



that 



^n = PnlVl + ^«22/2 + •'• + ^«„2/« J 

2/1' + 2/2' + - + 2/,f = ^^f + ^^2' + - + x,^, 



the linear substitution is called orthogonal. The coefficients of 
an orthogonal substitution must satisfy the following condi- 
tions. 

A, Since 

yi+yi-\ — +2Af 

= (Al2/l+/Sl2 2/2+-+i8in2/«)'+(/S2l2/l + iS22 2/2+ - + P^nVnY 
+ +(/S„l2/l+iS„22/2+-+/S„n2^«)' 

= (i8n^ +/32i^ +-+i8«i%i^ + (A2^ +/S2I +-+/8J)2// 

+ ••• + 22/12/2 (Ali8l2 + i82lft2+ '"+Pn^M + -, 
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I /8i()3„ + |8a/32» + ••• + |8„,j8,.» = (», fe = 1, 2, 



216 



n). 



B. If we wish to return to the original function from the 
transformed function, we must put 

II. 2/i = Ai^i + At^2 H h ^«»^H- 

For from (a) we readily find 

Now, by I., the coefficient of 2/^=1, and the other coefficients 
vanish. 

C. The square of the determinant of the system (a) 
^modulus of transformation) is unity. 

For 

Al ^2 - /Sin 

P21 Pa ■•■ P2u 



ni. 



= |)8,„P=1AJ. 



|i)i„I is a symmetrical determinant by 106; since, by I., 
At=0, Ai=l, 
Ae truth of III. is obvious. 
D. Bn being the minor of fi^ in 1 fii^ | , we find 

For multiplying the equations 
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in order by J5,i,5,m, •••-B,„, and adding, we have 

But all the coefficients, except the coefficient of ySf*, vanish ; 
hence 

IV. J5, = y3JAJ. 

E. By the preceding condition IV., 

(Ai A-i + - + /8,„ A„) I Pu. I = ^a)S,, + ... + 5,„ A„. 

The second member of this equation is I /8i„|, or 0, according 
as i and k are equal or unequal. 
Whence 

i Ai Ai + A-2i8*2 + - + A.i8*» = 0. 

i^. The following relation holds between the minors of the 
modulus of the orthogonal substitution. 



VI. 



'" Pnn Prl P^ '" Pr r 



■Pnr+l Pur, 

For, by 61, 



Bn Bi2 ... Bir\=\Pinl iPr+lr+l Pr+lr+2 '" Pr+1 « | 
Boi B22 '" Bor , Pr+2 r+1 Pr-j 2 r+2 '" Pr+2 n 



B.i B,, 



B. 



A 



n r+1 P» r+2 



J8» 



^» 
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Now, by IV., 



B-a B.J2 



B,\ B s 



Bu 
B„ 



= iA«rx 



/3u y3,2 






Al As - Pr. 



Whence, equating the second members of these two equa- 
tions, the relation VI. follows. 
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Beman and Smith's New Plane Geometry .^ 75 .85 

Beman and Smith's New Solid Geometry .' 75 .80 

Beman and Smith's Famous Problems of Elementary Geometry 50 .55 

Byerly's Differential Calculus 2.00 2.15 

Byerl3r's Integral Calculus 2.00 2.15 

Byerly's Fourier's Series 3.00 3.15 

Byerly's Problems in Differential Calculus 75 .80 

Carhart's Field- Book retail, ^2.50 

Carhart's Plane Surveying 1.80 2.00 

Faunce's Descriptive Geometry 1.25 1.35 

Hall's Mensuration 50 .55 

Hanus' Determinants 1.80 1.90 

Hardy's Elements of Quaternions 2.00 2.15 

Hardy's Analytic Geometry 1.50 1.60 

Hardy's Elements of the Calculus 1.50 1.60 

Hill's Geometry for Beginners i.oo i.io 

Hill's Lessons in Geometry.... 70 .75 

Hyde's Directional Calculus 2.00 2.15 

Manning's Non-Euclidean Geometry 75 .80 

Osborne's Differential Equations 50 .60 

Peirce's (B. O.) Newtonian Potential Functions 1.50 1.60 

Peirce's (J. M.) Elements of Logarithms 50 .55 

Peirce's (J. M.) Mathematical Tables 40 .45 

Runkle's Plane Analytic Geometry 2.00 2.15 

Smith's Coordinate Geometry 2.00 2.15 

Taylor's Elements of the Calculus. (Revised and Enlarged) 2.00 2.15 

TibbBts' College Requirements in Algebra 50 .55 

Wentworth's Advanced Arithmetic i.oo i.io 

Wentworth's First Steps in Algebra 60 .70 

Wentworth's New School Algebra 1.12 1.25 

Wentworth's Higher Algebra 1.40 1.55 

Wentworth's Coflege Algebra 1.50 1.65 

Wentworth's College Algebra. (Revised Edition) 1.50 1.65 

Wentworth's Plane and Solid Geometry. (Revised) 1.25 1.40 

Wentworth's Plane Geometry. (Revised) 75 .85 

Wentworth's Solid Geometry. (Revised) 75 .85 

Wentworth's Plane and Solid Geometry (Revised) and Plane Trig. 1.40 1.55 

Wentworth's Analytic Geometry 1.25 1.35 

Wentworth and Hill's First Steps in Geometry 60 .65 

Wentworth and Hill's Five-Place Log. and Trig. Tables. (7 Tables) .50 .55 

Wentworth and Hill's Five-Place Log. and Trig. Tables. (Complete) i.oo i.io 

Wheeler's Plane and Spherical Trigonometry with Peirce's Tables., i.oo i.io 
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Text-Books on Higher Mathematics 

By ARTHUR SHERBURNE HARDY, 

Recently Professor of Mathematics in Dartmouth College. 

Hardy '8 Analytic Qeometry . 8vo. Cloth. 239 pages. For intro- 
duction, ji.50. 

This work is designed for the student, not for the teacher. 
Particular attention has been given to those fundamental concep- 
tions and processes which, in the author's experience, have been 
found to be sources of difficulty to the student in acquiring a 
grasp of the subject as ^ method of research. The limits of the 
work are fixed by the time usually devoted to Analytic Geometry 
in our college courses by those who are not to make a special 
study in mathematics. 

Hardy's Elements of Quaternions. Crown 8vo. Cloth. 234 pages. 
For introduction, $2.00. 

The chief aim in this book has been to meet the wants of 
beginners in the class-room, and it is believed that this work will 
be found superior in fitness for beginners in practical compass, 
in explanations and applications, and in adaptation to the methods 
of instruction common in this country. 

Hardy's Elements of the Calculus. 8vo. Cloth. 239 pages. For 

introduction, $1.50. 
Part I., Differential Calculus, occupies i66 pages. 
Part 11., integral Calculus, 73 pages. 

This text-book is based upon the method of rates. The object 
of the Differential Calculus is the measurement and comparison 
of rates of change when the change is not uniform. Whether a 
quantity is or is not changing uniformly, however, its rate at any 
instant is determined essentially in the same manner, viz.: by 
letting it change at the rate it had at the instant in question and 
observing what this change is. It is this change which the Cal- 
culus enables us to determine, however complicated the law of 
variation may be. From the author's experience in presenting the 
Calculus to beginners, the method of rates gives the student a 
more intelligent, that is, a less mechanical, grasp of the problems 
within its scope than any other. 
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